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PREFACE. 

In writing this book the authors have been guided by two 
main purposes : 

(a) That pupils may gain by gradual and natural processes 
the power and the habit of deductive reasoning. 

(b) That pupils may learn to know the essential facts of 
-elementary geometry as properties of the space in which they 

live, and not merely as statements in a book. 

The important features by which the Plane Geometry seeks 
to accomplish these purposes are : 

1. The simplification of the first five chapters by the exclusion 
of TMxny theorems found in current books. These five chapters 
correspond to the usual five books, and the most important 
omissions are the formal treatment of the theory of limits, 
the incommensurable cases, maxima and minima, and numer- 
ous other theorems, together with the deduction of complicated 
algebraic formulae, such as the area of a triangle and the radii 
of the inscribed, escribed, and circumscribed circles, in terms 
of the three sides. 

Chapter YI contains a graphic representation of certain im- 
portant theorems and an informal presentation of incommen- 
surable cases and limits. The treatment of limits is based 
upon the graph, since the visual or graphic method appeals 
more directly to the intuition than the usual abstract proceisses. 
Chapter VII is devoted to advanced work and to a review of 
the preceding chapters. 

• ■ • 
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IV PREFACE. 

2. The subject has been enriched by including many applica- 
tions of special interest to pupils. Here an eifort has been made 
to include only such concrete problems as come fairly within 
the observation and comprehension of the average pupil. 
This led to the omission, for example, of problems relating 
to machinery and technical industries, which might appeal 
to an exceptional boy, but which are entirely inappropriate 
for the average student. On the other hand, free use is made 
of certain sources of problems which may be easily compre- 
hended without extended explanation and which involve varied 
and simple combinations of geometric forms. Such problems 
pertain to decoration, ornamental designs, and architectural 
forms. They are found in tile patterns, parquet floors, lino- 
leums, wall papers, steel ceilings, grill work, ornamental 
windows, etc., and they furnish a large variety of simple 
exercises both for geometric construction and proofs and for 
algebraic computation. They are not of the puzzle type, but 
require a thorough acquaintance with geometric facts and 
develop the power to use mathematics. 

These problems form an entirely new type of exercises, and 
while they require more space in the text-book than the more 
difficult "originals" stated in the usual abstract terms, they 
excel the latter in interest for the pupil and in helping to 
train his mathematical common sense. Many of these exer- 
cises are simple enough to be solved at sight, and such solution 
should be encouraged whenever possible. All the designs are 
taken from photographs or from actual commercial patterns 
now in use. By thus showing that the abstract theorems of 
geometry find concrete expression in a multitude of familiar 
objects, it is sought to make the subject a permanent part 
of the pupil's mental equipment. 

3. Persistent effort is made to vitalize the content of the defini- 
tions and theorems. It is well known that pupils often study 
and recite definitions and theorems without really comprehend- 
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ing their meaning. It is sought to check this tendency by 
giving definitions only when they are to be used, and by imme- 
diately verifying both definitions and theorems in concrete 
cases. The figure on page 4 is the basis for a large number 
of questions of this type. For example, see § 25, Ex. 3 ; § 30, 
Ex. 1; § 34, Exs. 1, 2; § 36, Ex. 3; §§ 322, 324. 

In this connection special attention is called to the emphasis 
placed upon those theorems which are of fundamental impor- 
tance both in the logical chain and in their immediate use 
in effecting constructions and indirect measurements otherwise 
difficult or impossible. Eor example, see the theorems on con- 
gruence of triangles, §§ 31-43, the constructions of §§ 44-58, 
and the theorems on proportional segments, §§ 243-254. C'^m- 
pare especially § 34, Ex. 5, § 244, Ex. 2, and § 254, Exs. 4, 5. 

The summaries at the close of the chapters, which are to be 
made by the pupil himself, will vitalize the theorems as no 
made-to-order summaries can possibly do. 

4. The student is mode to approach the formal logic of geometry 
by natural and gradual processes. He is expected to grow into 
this new, and to him unusual, way of thinking. The treat- 
ment is at the start informal, leading through the congruence 
theorems directly to concrete applications and geometric con- 
structions. The formal development then follows gradually 
and is characterized by a judicious guidance of the student, 
by questions, outlines, and other devices, into an attitude of 
mental independence and an appreciation of clear reasoning. 

This informality of treatment, most frequent in the earlier 
parts, is used throughout wherever occasion seems to justify 
it. See §§ 318, 319. An effort has been made to vary the 
methods of attack and to avoid monotony. Some theo- 
rems are proved in full; some are outlined; in some, hints 
and suggestions are given. Any uniform method would make 
it impossible to leave that to the pupil which he can do for 
himself, and at the same time to give full assistance where 
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that is needed. In no case are questions asked whose answers 
are implied by the form of the questions. 

The arrangement of the text is adapted to three grades of 
courses : 

(a) A minimum course, consisting of Chapters I to VI, 
without the problems and applications at the end of each 
chapter. This would provide about as much material, theo- 
rems, constructions, and originals as is found in the briefest 
books now in use. 

(6) A medium course, consisting of Chapters I to VI, includ- 
ing a reasonable number, say one half or two thirds, of the 
apolications at the end of each chapter. This would fully 
cover the college entrance requirements. 

(c) An extended course, including Chapter VII, which con- 
tains a complete review, together with many additional theorems 
and a large number of further applications. This would 
provide ample work for the strongest high schools, and for 
normal schools in which more mature students are found or 
more time can be given to the subject. 

Chapter VII gives a complete treatment of the incommen- 
surable cases, though not based on the formal theory of limits. 
It is believed that for high school pupils the notion of a limit is 
best studied as a process of approximation, and that the best 
preparation for the later understanding of the theory is by 
a preliminary study of what is meant by " approaches," such 
as is given in Chapters III and IV. 

Acknowledgment is due to Miss Mabel Sykes, of Chicago, 
for the use of a large number of drawings and designs from 
her extensive collection; also to numerous commercial and 
manufacturing houses, both in this country and in Europe, 
through whose courtesy many of the patterns were obtained. 

H. E. SLATJGHT. 

N. J. LENNES. 
CaiCAOO AND Boston, January, 1910. 
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PLANE GEOMETRY. 

CHAPTER I. 

RECTILINEAR FIGURES. 

INTRODUCTION. 

1. Elementary geometry is a science which deals with the 
space in which we live. It begins with the consideration 
of certain elements of this space which are called points, 
lines, planes, solids, angles, triangles, etc. 

Some of these terms, such as point, line, plane, are here 
used without being defined in a strictly logical sense. 
Their meaning is made clear by description and by con- 
crete illustrations like the following. 

2. Certain portions of space are occupied by objects 
which we call physical solids, as, for instance, an ordinary 
brick. That which separates a solid from 
the surrounding space is called its surface. A / 






This may be rough or smooth. If a surface 

is smooth and flat, we call it a plane surface. 

A pressed brick has six plane surfaces called faces. Two 

adjoining faces meet in an edge. Three edges meet in a 

comer. 

The brick is bounded by its six faces. Each face is 
bounded by four edges, and each edge is bounded by two 
corners. 
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3. If instead of the brick we think merely of its form and 
magnitude, we get a notion of a geometrical solid, which 
has the three dimensions, length, breadth, and thickness. 

The faces of this ideal solid are called planes. These 
are flat and have length and breadth, but no thickness. 

The edges of this solid are called lines. They are 
straight and have length, but neither breadth nor thick- 
ness. The corners of this solid are called points. They 
have position, but neither length, breadth, nor thickness ; 
that is, they have no magnitude. 

4. It is possible to think of these concepts quite indcr 
pendently of any physical solid. Thus we speak of the 
line of sight from one point to another ; and we say that 
light travels in a straight line. 

The term straight line is doubtless connected with the idea of a 
stretched string. Of all the lines which may be con- 
oeived as passing through two fixed points that one t^<^ > ^ 
is said to be straight between these points which ^-^ 

corresponds most nearly to a stretched string. 

Likewise a plane may be thought of as straight or stretched in every 
direction, so that a straight line passing through any two of its points 
lies wholly in the plane. 

5. If one of two intersecting straight lines turns about 
their common point as a pivot, the lines 
will continue to have only one point in 
common until all at once they will coincide 
throughout their whole length. Hence, 

Two straight lines cannot have more than 
one point in common unless they coincide and 
are the same line; that is^ two points determine a straight line. 

This would not be so if the lines had width, as may 
be seen by examining the figures. 
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6. BXBRCISBS. 

1. How does a carpenter use a straight-edge to determine whether 
a surface is a plane ? Do you know of any surface to which this test 

. will apply in one direction but not in all directions ? 

2. What tool does a carpenter use in reducing an uneven surface 
to a plane surface ? Why is the tool so named ? 

3. If two points of a straight line lie in a plane, what can be said 
of the whole line ? 

4. How many points of a straight line can lie in a plane if it con- 
tains at least one point not in the plane ? 

5. ' If two straight lines coincide in more than one point, what can 
you say of them throughout their whole length ? Do you know of 
any lines other than straight lines of which this must be true ? 

6. How do the material points and lines made by crayon or pencil 
differ in magnitude from the ideal points and lines of geometry? 

7. A machine has been made which rules 20,000 distinct lines side 
by side within the space of one inch. Do such lines have width ? Are 
they geometrical lines? 

8. Of all the lines, straight or curved, through two points, on 
which one is the shortest distance measured between the two points ? 
See the figure of § 4. 

Historical Note. The Egyptians appear to have been the first 
people to accumulate any considerable body of exact geometrical 
facts. The building of the great pyramids (before 3000 B.C.) re- 
quired not a little knowledge of geometric relatious. They also 
used geometry in surveying land. Thus it is known that Rameses II 
(about 1400 B.C.) appointed surveyors to measure the amount of land 
washed away by the Nile, so that the taxes might be equalized. 

The Greeks, however, were the first to study geometry from a logi- 
cal point of view. Between 600 b.c, when Thales, a Greek from Asia 
Minor, learned geometry from the Egyptians, and 300 b.c, when 
Euclid, a Greek residing in Alexandria, Egypt, wrote his Elements of 
Geometry, the crude, practical geometric information of the Egyp- 
tians was transformed into a well-nigh perfect logical system. 

Euclid's "Elements" contains the essential facts of every text- 
book on elementary geometry that has been written since his time. 
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NOTATION FOR POINTS AND LINES. 

7. A point is denoted by a capital letter. 
A straight line is denoted by two capital 

letters marking two of its points or by — ^ S. — 

one small letter. The word line alone i 

usually means straight line. 

Thus, the point A, the line AB, or the line I. 

8. A straight line is usually understood to be un- 
limited in length in both directions, while that part of it 
which lies between two of its points is a a B 
called a line-segment, or simply a segment. 

These points are called the end-points of the segment. 

Thus, the segment ^1^ or the segment a. 

Two segments with the same end-points are coincident. 

9. A part of a straight line, called a ray or half-line, may 
be thought of as generated by a point . ^ 
starting from a fixed position and mov- ' ' ** 
ing indefinitely in one direction. The starting point is 
called the end-point or origin of the ray. 

If A is the origin of a ray and ^ any other point on it, then it is 
read the ray AB, not the ray BA, 

10. Two line-segments are said to be 

added if they are placed end to end so as 4 — — S. 1? 

to form a single segment. 

Thus, segment ^C= segment ^B+ segment BC, or AC=AB + BC, 

If AC=^AB-\' BC^ then AC is greater than either AB or 
BC, and this is written AC -^ AB and AC > BC. 

A segment may also be subtracted from a greater or 
from an equal segment. 

Thus, if AC = AB + BC, then AB =AC - BC&ud BC = AC ^ AB. 
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A segment is multiplied by an integer n by taking the 
sum of n such segments. 

Thus, if ^ C is the sum of n segments each AB, then AC szn- AB, 

If AC is n times AB^ then AC may be divided by n. 

Thus, AB = AC'i'noTAB=:^. AC. 

n 

11. A broken line is composed of 
connected line-segments not all lying 
in the same straight line. 

A curved line, or simply a curve, is 
a line no part of which is sti'aight. 

A curved line or a broken line may 
inclose a portion of a plane, while a 
straight line cannot. 

12. A circle is a plane curve containing all points equally 
distant from a fixed point in the plane, 

and no other points. 

The fixed point is called the center of 
the circle. Any line-segment joining 
the center to a point on the circle is a 
radius of the circle. 

Any portion of a circle lying between 
two of its points is called an arc. 

Evidently all radii of the same circle are equal. 

Any combination of points, segments, lines, or curves in 
a plane is called a plane geometric figure. 

Plane Geometry deals with plane geometric figures. 
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1. How many end-points has a straight line? How many has a 
line-segment? How many has a ray? A circle? 

2. Can you inclose a portion of a plane with two line-segments! 
With three? With four? 
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ANGLES AND THEIR NOTATION. 





14. An angle is a figure formed by two rays proceeding 
from the same point. The point is the 
vertex of the angle and the rays are its 
sides. The angle formed by two rays is ^^'^'^ giar 
said to be the angle between them or simply their angle. 

Two line-segments having a common end-point also form an angle, 
namely, the angle of the rays on which the segments lie. An angle is 
determined entirely by the relative directions of its rays and not by 
the lengths of the segments laid oS on them. 

15. An angle is denoted by three letters, one at its 
vertex and one marking a point on each of its sides. The 
one at the vertex is. read between the other 
two, as the angle CAB^ or the angle BAC^ 
not ABC. The one letter at the vertex is 
also used alone to denote an angle in case -^ 
no other angle has the same vertex, as, for instance, the 
angle A. 

In case several angles have the same vertex, a small 
letter or figure placed within each angle, 
together with an arc connecting its 
sides, is a convenient notation. The 
sign Z is used for the word anffle. 

Thus in the figure we have /ll,/12fZ.*df read, 
angle one, angle two, angle three, A 

16. If two rays lie in the same straight line and ex- 
tend from the same end-point in opposite ^ 
directions they are said to form a straight t 
angle. If they extend in the same direc- ^^^^ !f ..^^^^ 
tion, they coincide and form a zero angle. 




8 PLANE GEOMETRY. 

17t An angle may be thought of as generated by a raj 
turning about its end-point as a pivot. 

Thus Z. BA C is generated by a ray rotating 
from the position AB to the position A C. The 
rotating ray is usually conceived as moving 
in the direction opposite to the hands of a 
clock and the sides of the angle should usu- 
ally be read in this order. Thus /.BA C, not 
Z,CAB. 

If the ray continues to rotate until ^^ 

it lies in a direction exactly opposite -- — ^ » ^ ■ 

to its original position, it generates a 

straight angle^ as the straight angle 





BAG. ' ' ^ 

If the ray rotates until it reaches 
its original position, the angle generated is called a peri- 
goa, that is, an angle of complete rotation. 

The position from which the rotating ray starts is called the origin 
of the angle. From this point of view two rays from the same point 
form two angles according as one or the other of the rays is regarded as 
the origin. In elementary geometry only angles less than or equal to 
a straight angle are usually considered. 

The units of measure for angles are one three-hun- 
dred-sixtieth of a perigon which is called a degree, one 
sixtieth of a degree called a minute, and one sixtieth of a 
minute called a second. These are denoted respectively by 
the symbols ^ ', ''. Thus, an angle of 20^ 45' 30". A 
straight angle is therefore an angle of 180° and a perigon 
is an angle of 360°. 

18. Angles are measured by means of an instrument 
called a protractor, which consists of a semicircular scale 
with degrees from 0° to 180° marked upon it. 

An inexpensive protractor made of cardboard or brass may be 
had at any stationery store. See the figure of § 33. 
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19, Two angles are said to be equal if they can be made 
to coincide without changing the form of either. 

If a ray is drawn from a point in a ^c 

straight line so that the two angles thus | 

formed are equal, each angle is called /^"1\ 

a right angle, and the ray is said to be p — a — b 
perpendicular to the line. 

Thus, if i^ 1 = Z 2, each angle is a right angle and ^4 Cis then said 
to be perpendicular to BD, 

Since the Btraight angle BAD is composed of Z 1 and 
Z 2,. each of which is a right angle, it appears that 
a Btraight angle equals two right angles. 

See § 39 for the addition of angles in general. 

An acute angle is less than a right angle. 

An obtuse angle is greater than a right 
angle and less than a straight angle. 

Acute and obtuse angles are called oblique 
angles. 

A reflex angle is greater than a straight 
angle and less than a perigon. 

One line is oblique to another if the angles 
between them are oblique. 

A ray which divides an angle into two ^ ^ b 

equal angles is called its bisector. Thus a perpendicular 

is the bisector of a straight angle. 

The angles considered in this book are greater than the zero angle 
and less than or equal to a straight angle. 

20. BXBRCISBS. 

1. Since we can always place two straight angles so as to make 
them coincide, what can we say as to whether or not they are equal ? 
What of two right angles? 

2. What part of a straight angle is a right angle ? 
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3. Suppose that in the figure the ray AC rotates about the 
point A from the position AB io the position AD. What change 
takes place in 2^1? What in ^^2? Can there be 
more than one position oi AC for which i^ 1 = Z 2 ? 
In this way it may be made clear that any angle 
has one and only one bisector. jj ^ ^ 

4. How many rays perpendicular to BD at the point A can be 
drawn on the same side of BDl Does the answer to this question 
depend upon the answers to the questions in Ex. 4 ? How ? 

5. Pick out three acute angles, three right angles, and three obtuse 
angles in the figure on page 4. 

TRIANGLES AND THEIR NOTATION. 

21. If the points Ay B^ C do not lie in the same straight 
line, the figure formed by the three segments, AB^ BC^ and 
Od, is called a triangle. 

The segments are the sides of the triangle, and the 
points are its vertices. The symbol A is s 

used for the word triangle. 

Each angle of a triangle has one side 
opposite and two sides adjacent to it. 2» 

Similarly each side of a triangle has one angle opposite 
and two angles adjacent to it. The side opposite an angle 
is often denoted by the corresponding small letter. 

Thus, in the figure the side a and the angle A are opposite parts, as 
are angle B and side b and angle C and side c. The three sides and 
three angles of a triangle are called the parts of the triangle. 

These six parts are considered as lying in order around the figure, 
as /lA, side b, Z C, side a, etc. 

An angle of a triangle is said to be included between its 
two adjacent sides, and a side is said to be included be- 
tween the two angles adjacent to it. 

Thus, in the figure the side a is included between Z. B and Z C, and 
Z il is included between the sides h and c. 
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22. A triangle is called equilateral if it has its three 
sides equal, isosceles if it has at least two sides equal, 








scalene if it has no two sides equal, equiangular if it has its 
three angles equal. 

Select each kind from the figures on this page. 

23. A triangle is called a right triangle if it has one 
right angle, an obtuse triangle if it has one 
obtuse angle, an acute triangle if all its 
angles are acute. 

Select each kind from the figures on this page. 

The side of a right triangle opposite the 
right angle is called the hypotenuse in dis- 
tinction from the other two sides, which are sometimes 
called its legs. 

24. The side of a triangle on which it is supposed to 
stand is called its base. The atigle opposite the base is 
called the vertex angle, 
and its vertex is the 
vertex of the triangle. 

The altitude of a tri- 
angle is the perpendic- 
ular from the vertex to 
the base or the base produced. Evidently any side may 
be taken as the base, and hence a triangle has three different 
altitudes. 



Vertex 



Vertex 




Base 




Base 
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BXERCISBS. 



1. Is every eqailateral triangle also isosceles? Is eveiy isosceles 
triangle also equilateral ? 

2. Is a right triangle ever isosceles? Is an obtuse triangle ever 
isosceles? Draw figures to illustrate your answers. 

3. In the figure on page 4 determine by measuring sides wliich of 
the triangles HNP, LKW, IHN, MTJ, KVU, OK J, L VW, are isos- 
celes, which are equilateral, and which are scalene. 

4. Determine whether /, Ky V of the same figure may be the 
vertices of a triangle ; also whether J, O, G may be. 

5. Pick out ten obtuse triangles in this figure; also ten acute 
triangles. 

CONGRUENCE OF GEOMETRIC FIGURES. 

26. In comparing geometric figures it is assumed that 
they may he moved about at will^ either in the same plane or 
out of it^ without changing their shape or size. 

27, Two figures are said to be similar if they have the 
same shape. This is denoted by the symbol ^, read is 
similar to. 

For a more precise definition see §§ 255, 256. 

Two figures are said to be equivalent or simply equal if 
they have the same size or magnitude. 
This is denoted by the symbol =, read is 
equivalent to or is equal to. 

Two figures are said to be congruent if, 

without changing the shape or size of either, 

they may be so placed as to coincide 

throughout. This is denoted by the symbol 

&y read is congruent to. 

In the case of line-segments and angles, congruence is determined 
by size alone. Hence in these cases we use the symbol = to denote 
congruence, and read it equals or is equal to* 
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28. It is clear that if each of two figures is congruent to 
the %ame figure they are congruent to each other. 

Hence if we make a pattern of a figure, say on tracing 
paper, and then make a second figure from this pattern, 
the two figdres are congruent to each other. 

29. If AABC^AA^B^c\ the notation of the triangles 
may be so arranged that AB = A^b\ 

bc=b'c\ ca = &a', Za=:Za', Zb=Zb' 

and Zc=Zc'. In this case AB is said to 
correspond to a'b\ bc to £'c', CA to &a\ 
ZAto Za\ etc. 

Hence, we say that corresponding parts of 
congruent triangles are equal. 

30. BXBRCISES. 

1. Using tracing paper, draw triangles congruent to the triangles 
MIN, NHP, OABy OFE, OKL, UKV, OGL on page 4, and by ap- 
plying the pattern of each triangle to each of the others determine 
whether any two are congruent. 







2. Find as in § 28 whether any two of three accompanying triangles 
are congruent, and if so arrange the notation so as to show the corre- 
sponding parts. 

3. Give examples of figures which are similar, equal, or con- 
gruent, different from those in § 27. 

4. If two figures are congruent, does it follow that they are equal ? 
Similar? 

5. If two figures are similar, does it follow that they are equal? 
Congruent ? 

6. If two figures are equal, are they similar? Congruent? 
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TESTS FOR CONGRUENCE OF TRIANGLES. 

31. The method of determining whether two triangles 
are congruent by making a pattern of one and applying it 
to the other is often inconvenient or impossible. There 
are other methods in which it is necessary only to determine 
whether certain sides and angles are equal. 

These methods are based upon three important tests for 
congruence of triangles. 

32. First Test for Congruence of Triangles. 

If two triangles have two sides and the included angle 
of one equal respectively to two sides and the included 
angle of the other y the triangles are congruent 

This may be shown by the following argument: 




Let iiBC and A^BC be two triangles in which AB^A^S^ 
AC^ A'C, m^ jLA^ Z.A'. 

We are to show that AABc^AA^b^&, 

Place A ABC upon AA'b'& so that Z-4 coincides with 
Z^', which can be done since it is given that ^A^Aa\ 

Then point B will coincide with J5' and C with c', since 
it is given that AB = A^B^ and AG = -4'c'. 

Hence, side BC will coincide with jB'c' (§ 8). 

Thus, the two triangles coincide throughout and hence 
are congruent (§ 27). c 



The process just used is called superposition. It ^ 
may sometimes be necessary to move a figure out 
of its plane in order to superpose it upon another, 
as in the case of the accompanpng triangles. X 
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83. The equality of short line-segments is conveniently 
tested by means of the dividers or compasses. 

Place the divider points on the end-points of one segment AB and 
then see whether they will also coincide with the end-points of the 
other segment A'B', If so, the two segments are equal. 

The equality of two angles may be tested by means of 
the protractor. 

Place the protractor on one angle BOC as shown in the figure and 
read the scale where OC crosses it. Then 
place the protractor on the other angle 
B'CC' and see whether O'C crosses the scale 
at the same point. If so, the two angles are 
equal. 

34. BXBRCISBS. 

1. Using the protractor determine which pairs of the following 
angles on page 4 are equal : 

HPGy LGW, GWL, AOB, VLW, LVW. 

2. By the test of § 32 determine whether, on page 4, 

AJKU ^AGWL, also whether A MIH ^ AKVW. 

First find whether two sides of one are equal respectively to two 
sides of the other, and if so compare the included angles. 

3. Could two sides of one triangle be equal respectively to two 
sides of another and still the triangles not be congruent ? Illustrate 
by constructing two such triangles. 

4. Show by the test of § 32 that two right triangles are congruent 
if the legs of one are equal respectively to the legs of the other. Can 
this be shown directly by superposition ? 

5. Find the distance AB when, on account of 
some obstruction, it cannot be measured directly. 

Solution. To some convenient point C measure 
the distances A C and BC. Continuing in the direc- 
tion A C lay off CA' = AC, and in the direction BC 
lay off CB' = BC. Then Z 1 = Z 2 (see § 74) . Test 
this with the protractor. Show that the length AB 
is found by measuring A *B\ 
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36. Second Test for Congruence of Triangle*. 

If two triangles have two angles and the included 
side of one equal respectively to two angles and the inr 
eluded side of the other j the triangles are congruent 

This is shown by the following argument : 





A -. B A! B' 

Let ABC and A^BC be two triangles in which ZA^Z.A\ 
Z.B^Z.ff, and ABBA'S. 

We are to show that A ABC^AA^B^cf. 

Place A ABC upon AA^B^& so that AB coincides with 
its equal a'b\ making C fall on the same side of a'b' as &. 

Then AC will take the direction of A'c\ since Z -4 « Z-4', 
and the point C must fall somewhere on the ray A^&. 

Also BG will take the direction of JB'c/ (Why?), and 
hence C must lie on the ray b'c'. 

Since the point c lies on both of the rays A^cf and b'c\ 
it must lie at their point of intersection c' (§ 6). Hence, 
the triangles coincide and are, therefore, congruent (§ 27). 

36. BXBRCISBS. 

1. Tn the figure of § 35 is it necessary to move 
^ABC out of the plane in which the triangles 
lie ? Js it necessary in the figure here given ? 

2. Show how to measure the height of a tree 
by using the second test for congruence. 

Suggestion. Lay out a triangle on the ground 
which is congruent to A ABC, using § 35. 

3. By the second test determine whether 
A OUG^ A OJK on page 4. 

4. Draw any triangle. Construct another tri- 
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angle congruent to it. Use § 35 and also § 32. 
Use the protractor to construct the angles. 

5. Find the distance A C, when C is inaccessible. 
Let £ be a convenient point from which A and 

C are visible. Lay out a triangle ABC mak- 
ing i/ 3 = Z 1 and Z 4 = Z 2. Show that the dis- 
tance A C may be found by measunng A C. 

6. Show how to find the distance between two 
inaccessible points A and B, 

Solution. Suppose that both A and B are 
visible from C and D. (1) Using the 
triangle CDAf find the length of ^D as in 
Ex. 5 above. (2) Using the triangle CBD, 
find DB in the same manner. (3) Using 
the triangle DBA, find AB as in Ex. 5, § 34. 

37. The proof of the third test for 
congruence of triangles involves the 
following : 

The angles opposite the equal sides of an isosceles tri- 
angle are equal. 

Let ABC be an isosceles triangrle haviiigr 

We are to show that /. A^ Z,b. 
Suppose CD divides Z. ACB so that 

By means of § 32 show that 
A ACD ^ A BCD. 

Then Z ^ = Z u by § 29. 

The theorems § 35 and § 37 are due to Thales. It is said he used 
§ 35 in calculating the distance from the shore to a ship at sea. 





38. 



BXSRCISS. 



On page 4 pick out as many pairs of angles as possible which may 
be shown to be equal by § 37. Test these by using the protractor. 
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30. Definitions. Two angles which have a 
common vertex and a common side are said 
to be adjacent if neither angle lies within 
the other. l/^i\ 

Thofl, Z 1 and Z 2 are adjacent^ while Z 1 and Z 3 are not adjaoent^ 

The sum of two angles is the angle formed by the sides 
not common when the two angles are placed adjacent. 

Thn«,Z3 = Zl + Z2. 

If Z3 = Zl + Z2, then we say that Z3 is greater than 
either Z 1 or Z 2. ThisiswrittenZS > Zl andZ3 >Z2. 

An angle may also be subtracted from a greater or equal 
angle. Thus ifZ3 = Zl + Z2, then Z3 - Zl = Z2 and 
Z3 - Z 2 = Z !• It is clear that : 

If equal angles are added to equal angles^ the sums are 
equ^ angles. 

Angles may be multiplied or divided by a positive in- 
teger as in the case of line-segments. See § 10. 

40. We may now prove the third test for congruence of 
triangles, namely : 

// two triangles have three sides of one equal respec- 
tively to three sides of the other , the triangles are con- 
gruent. 





Let ABC and A^JBfCf be two triangrles hi which AB = A'B', 
BC = JBfe, CA = CA\ 

We are to show that A ABC ^ A^'b'c'. 
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Place Aa'b^c' so that A^b' coincides with AB and so 
that c' falls on the side of AB which is opposite C. 

(Why is it possible to make A 'B' coincide with AB ?) 

Draw the segment C&. From the data given, how can 
§ 37 be used to show that in A ACC^ Z 1 = Z 2 ? 

Use the same argument to show that Z 3 = Z 4. 

But if Z 1 = Z 2 

and Z 3 = Z 4, 

then Z1 + Z3 = Z2 + Z4. (§39) 

That is, Z ACB = Z B&A. 

How does it now follow that A ABC ^ A ABC^ ? (§ 32) 

But A ABC' ^ A A^B'cK (§ 26) 

Hence, AABC^Aa'b'c'. (§28) 

Make an outline of the steps in the above argument, and see that 
each step is needed in deriving the next. 

41. Definition. If one triangle is congruent to another 
because certain parts of one are equal to the corresponding 
parts of the other, then these parts are said to determine 
the triangle. That is, any other triangle constructed with 
these given parts wiU be congruent to the given triangle. 

42. BXBRCISBS. 

1. In § 37 show that CD is perpendicular toAB and that AD= DB. 
State this fully in words. 

2. Using § 40, determine which of the following triangles on 
page 4 are congruent : OJK, HNP, OIH, PHG, JKU. 

3. Do two sides cfcfcrmtfic a triangle ? Three sides? Two angles? 
Three angles? Illustrate by figures. 

4. A segment drawn from the vertex of an isosceles triangle to the 
middle point of the base bisects the vertex angle and is perpendicular 
to the base. 

5. What parts of a triangle have been found sufficient to determine 
it? In each case how many parts are needed? 
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43. The three tests for congruence of triangles, §§ 82, 
35, 40, lie at the foundation of the mathematics used in 
land surveying. The fact that certain parts of a triangle 
determine it shows that it may be possible to compute the 
other parts when these parts are known. Rules for doing 
this are found in Chapter III. 

CONSTRUCTION OP GEOMETRIC FIGURES. 

44> The straight-edge ruler and the compasses are the 
instruments most commonly used in the construction of 
geometric figures. 

By means of the ruler straight lines are drawn, and the 
compasses are used in laying off equal line-segments and 
also in constructing arcs of circles (§ 12). 

Other common instruments are the protractor (§ 33) and 
the triangular ruler with one square corner or right angle. 

The three t^sts for congruence of two triangles are of 
constant use in geometrical constructions. 

45. Problem. To find a point whose distances from 
the extremities of a given seg- Ng^** 

ment are specified. 

Solution. Let AB be the given seg- 
ment and let it be required to find a A 




point C wliich shall be one inch from each extremity of AR 

Set the points of the compasses one inch apart. With 
^ as a center draw an arc /n, and with B as a center draw 
an arc n meeting the arc m in the point C. Then every 
point in the arc m is one inch from A and every point in 
the arc n is one inch from B (§ 12). 

Hence C, which lies on both m and n^ is one inch from A 
and also from B. 
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46. BXBRCISBS. 

1. In the preceding problem is there any other point in the plane 
besides C which is one inch distant from both A and B*i II so, 
show how to find it. 

2. Could AB be given.of such length as to make the construction 
in § 45 impossible ? 



3. Is there any condition under which one point only could be 
found in the above construction ? If so, what would be the length of 
ABl 

4. Find a point one inch from A and two inches from B and dis- 
cuss all possibilities as above. 

5. Given three segments a, 5, c, construct a triangle having its sides 
equal to these segments. Discuss all possibilities depending upon 
the relative lengths of the given segments. 

47. Problem. To construct an angle equal to a 
given angUy without using the protractor. 





Solution. Given the angle A, 

Lay off any distance AB on one of its sides and any dis- 
tance -4C on the other. 

Draw the segment BC forming the triangle ABC. 

As in Ex. 6 above, construct a triangle a'b'& so that 

A'b' = AB, B^Cf = BC, A^d = AC. 

Show that Aabc^Aa'b^& by one of the tests, and 
hence that ZA = j^A\ being corresponding angles of con- 
gruent triangles, § 29. 

In the above construction, would it be wrong to make 
AB = AC? Is it necessary to do so ? 



X- 


' s^^ 


A^ 
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48. Problem. To construct the ray dividing a given 
angle into two equal angles, that is, to bisect the angle* 

Solution. Given the ang^le A. 

To construct the ray bisecting it. 
On the sides of the angle lay off ' y' \n 

segments AB and AC so that 

AB = AC. 

With B and C as centers and ^^ 

with equal radii construct arcs m and n meeting at D. 

Draw the segments CD, BD, and AD. 

Now show that one of the tests for congruence is 
applicable to make AACD ^L ABD. 

Does it follow that Z 1 = Z 2 ? Why ? 

49. BXBRCISBS. 

1. Is it necessary in § 48 to make AB ^^ ACl In this respect com- 
pare with the construction in § 47. 

2. Is any restriction necessary in choosing the radii for the arcs m 
and n? Is it possible to so construct the arcs m and n, still using 
equal radii for both, that the point D shall not lie within the angle 
BA C? In that case does the ray AD bisect Z.BAC1 

3. By means of § 48 bisect a straight angle. What is the ray called 
which bisects a straight angle? In this case what restriction is 
necessary on the radii used for the arcs m and n ? 

4. By Ex. 3 construct a perpendicular to a line at a given point in it 

5. Construct a perpendicular to a segment at one end of it without 
prolonging the segment and without using the square ruler. 

Suggestion. Let AB h& the given segment. Construct a right 
angle A'B' C as in Ex. 4. Then as in § 47 construct ^ABC=Z.A 'B'C 

50. Definition. A line which is perpendicular to a line- 
segment at its middle point is called the perpendicular 
bisector of the segment. 
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61. Problem. To construct the perpendicular bisec- 
tor of a given line-segment. nL^ 



Solution. Let AB be the given 



\ 



h — > 



/ 



segment. j^^ — 

As in § 46, locate two points, C ^ 

and D, each of which is equally \. / 

distant from A and B. /(Q^ 

Draw the segment CD meeting ^B in O. 

Then CD is the required perpendicular bisector of AB. 

To prove this, show that A ACD ^ A BCD. 

Hence Z 3 = Z 4. (Why ?) 

By what test can it now be shown that 

AilOC^ABOC? 

Hence Z 1 = Z 2. (Why ?) 

Therefore CO (or CD) is perpendicular to AB (Why?) 
and also AO^OB (Why?). 

It has thus been shown that CD is perpendicular to AB 
and bisects it, as was required. 

52. The steps proved in the above argument are : 

(a) A^CD^ADCD. (6) Z3 = Z4. (<?) AAOC^ABOC. 
(rf) Z 1 = Z 2, and AO = BO. 

Study this outline with care. What is wanted is the last result (d). 
Notice that (d) is ohtained from (c), (c) from (6), and (6) from (a). 
Thus each step depends on the one preceding, and would be impos- 
sible without it. To understand clearly the order of the steps in a 
proof as shown by such an outline is of great importance in master 
ing it. 

53. EXERCISES. 

1. In the construction of § 51, is it necessary to use the same radius 
in locating the points C and D ? 

2. Name the isosceles triangles in the figure § 51 : (a) if the same 
radius is used for locating C and D, (h) if different radii are used. 
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54. Problem. To construct a perpendicular ^ to a 
given straight line from a given point outside the line. 

p 




Solution. Let / be the given line, and P the given point outside it. 

With P as a center draw an arc cutting the line I in two 
points, A and B. 

With A and B as centers, and with equal radii, draw the 
arcs m and n intersecting in C. Draw the line PC cutting 
I in the point D, 

Then the line PC is the perpendicular sought. 

To prove this, draw the segments PA^ PB^ CA^ CB. 

Complete the proof by showing that PC is the perpen- 
dicular bisector of AB^ and hence is perpendicular to I 
from the point P. 

65. Problem. To construct a triangle when two 
sides and the included angle 
are given. 

Solution. Let b and c be the 
given sides, and A the given angle. 

As in § 47, construct an angle 
-4' equal to Z.A» On the sides of Z A^ lay off A'b = c and 
A'c = b. Connect B and C. 

Tlien A^BC is the required triangle, (Why ?) 
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angles 




56. Pkoblem. Constncct a triangle when tivo 
and the included side are given. 

Solution. Let ZA and ZBhe 
the given angles, and c the given 
side. 

Construct Za' = Z.A. 

On one side of Z a' lay oflf 
A'b'=zc. ^ 

At b' construct AaIb^K ^ 

equal to Ab. 

Let B^K meet the other side of AA^ at C. 

Then A^B^G is the required triangle. (Why ?) 



57, EXERCISES. 

1. If in the preceding problem two different triangles are con- 
structed, each having the required properties, how will these triangles 
be related? Why? 

2. If in the problem of § 55, two different triangles are constructed, 
each having the required properties, how will these triangles be related? 
Why? 

3. If two triangles are constructed so that the angles of one are 
equal respectively to the angles of the other, will the triangles neces- 
sarily be congruent ? 

4. If two different triangles are constructed with the same sides, 
how will they be related ? Why ? 

5. Construct an equilateral triangle. Use § 37 to show that it is 
also equiangular. 

58, We have now seen that the three tests for the con- 
gruence of triangles are useful in making indirect measure- 
ments of heights and distances when direct measurement 
is inconvenient or impossible, and also in making numerous 
geometric constructions. It will be found, as we proceed, 
that these tests are of increasing usefulness and importance. 
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THEOREMS AND DEMONSTRATIONS. 

59. A geometric proposition is a statement affirming cer- 
tain properties of geometric figures. 

Thus: "Two points determine a straight line" and "The base 
angles of an isosceles triangle are equal " are geometric propositions. 

A proposition is proved or demonstrated when it is shown 
to follow from other known propositions. 

A theorem is a proposition which is to be proved. The 
argument used in establishing a theorem is called a proof. 

60. In every mathematical science some propositions 
must be left unproved^ since every proof depends upon other 
propositions which in turn require proof. Propositions 
which for this reason are left unproved are called axioms. 

While axioms for geometry may be chosen in many dif- 
ferent ways, it is customary to select such simple propo- 
sitions as are evident on mere statement. 

61. Among the axioms thus far used are the following: 

Axioms. I. A figure may be moved about in space 
without changing its shape or size. See § 26. 

II. Through two points one and only one straight line 
can be drawn. See §§8, 32. 

in. The shortest distance between two points is meas- 
ured along the straight line'Segment connecting them. 

Thus one side of a triangle is less than the sum of the other two. 

IV. // each of two figures is congruent to the same 
figure, they are congruent to each other. See §§ 28, 40. 

V. If a, b, c, d are line-segments (or angles) such 
that a = 6 and c = dy then a + c = 6 + d and a — c^^b-^d* 

In the latter case we suppose a'^c^b'^xi. See §§ 10, 39. 



RECTILINEAR FIGURES. 27 

VI. If a and b are line-segments (or angles) such that 
a^h, then a x n = 6 x n and a -*- n = 6 -f- n; and if a>b, 
then axn>b xn and o-Hn>6-i-n, n being a positive 
integer. See §§ 10, 39. 

Note. An equality or an inequality may be read from left to right 
or from right to left. Thus, a > 6 may also be read 6 < a. 

Other axioms are given in §§ 82, 96, 119, and in Chapter 
VII. 

Certain other simple propositions may be assumed at 
present without detailed proof. These are called prelimi- 
nary theorems. 

PRELnONARY THEOREMS. 

62. Two distinct lines can meet in only one point. 

For if they have two points in common, then by Ax. II they are the 
same line. 

63. All straight angles are equal. § 20, Ex. 1. 

64. All right angles are equal. See Ax. VI. 

65. Every line-segment has one and only one middle 
point. 

See § 51, where the middle point is fonnd by construction. 

66. Every angle has one and only one bisector. 

See § 48, where the bisector is constructed. 

67. One and only one perpendicular can be drawn 
to a line through a point whether that point is on the line 
or not. See § 20, Exs. 4, 5; § 49, Ex. 4; § 54. 

68. The sum of all the angles about a point in a 
straight line and on one side of His two right angles. 

69. The sum of all the angles abovi a point in a plane 
is four right angles. 

In §§ 68, 69 no side of one angle is to lie inside another. 



28 



PLANE OEOMETRT. 



^0 




o 



70. Definitions. Two angles are said 
to be complementary if their sum is one 
right angle. Each is then called the 
complement of the other. 

Thus, ^ a and ^ b are complementary angles. 

Two angles are said to be supple- 
mentary if their sum is two right 
angles. Each is then said to be the 
supplement of the other. 

Thus, Z 1 and Z 2 are supplementary angles. 

Two angles are called vertical 
angles if the sides of one are pro- 
longations of the sides of the other. 

Thus, Z 1 and Z 3 are vertical angles, and also Z 2 and Z4. 

71. BXBRCISES. 

1. What is the complement of 45^? the supplement? 

2. If the supplement of an angle is 140^, find its complement. 

3. If the complement of an angle is 21% find its supplement. 

4. Find the supplement of the complement of 30®. 

5. Find the angle whose supplement is five times its complement 

6. Find the angle whose supplement is n times its complement. 

7. Find an angle whose complement plus its supplement is 110®. 







8. If in the first figure Zb = 2Za, and Zc = Za + Zb, find each 
angle. 

9. If in the second figure Zh = iZa, Zc = Za + Zb, and 
Z (/ = 6 Z a, find each angle. 

10. If in the third figure Zh-Ze, Zc = Za + Zh, Zd = 2Zb^ 
and Z e = } Z <3f, find each angle. 
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PRELIMINARY THEOREMS. 

72. Angles ivhich are complements of the same angle 
or of equal angles are equal. 

For they are the remainders when the given equal angles are Sub- 
tracted from equal right angles. Ax. Y. 

73. Angles tvhich are supplements of the same angle 
or of equal angles are equal. 

For they are the remainders when the given equal angles are sub* 
tracted from equal straight angles. 

71 Verttccd ctngles are equal. 

They are supplements of the same angle. 

75. J^ two adjacent angles are supplementary ^ their 
exterior sides are in the same straight line. 

For the two angles together form a straight afigle. 

76. If two adjacent angles have their exterior sides 
in the same straight line, they are supplementary. 

For a straight angle is e^ual to two right angles. 

77. BXBRCISBS. 

1. Prove that if one of the four angles formed by two intersecting 
straight lines is a right angle, then all are right angles. 

2. Show that the rays bisecting two complementary adjacent 
angles form an angle of 45''« 

3. Find the angle formed by the rays bisecting two supplementary 
adjacent angles. Prove. 

4. Find the angle formed by the rays bisecting two vertical angles. 
Prove. 

5. The sum of two adjacent angles is 74^ Find the angle formed 
by their bisectors. 

6. The angle formed by the bisectors of two adjacent angles is 
87^ 18^ Find the stun of the adjacent angles. 
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ON THE NATURE OF A DEMONSTRATION. 

78. A theorem consists of two distinct parts, hypothesis 
and conclusion. 

In a geometrical theorem, the hypothesis specifies cer- 
tain properties which the. figures in question are assumed 
to possess. The conclusion asserts that certain other prop- 
erties belong to the figures whenever the assumed proper- 
ties are present. 

The hypothesis and conclusion are often intermingled 
in a single statetnent, in which case they should be explic- 
itly separated before making the proof. 

For example, in the theorem of § 37, T7te angles opposite the equal 
sides of an isosceles triangle are equal, the hypothesis is, '^ Two sides of 
a triangle are equal," and the conclusion is, *'The angles opposite 
them are equal.'* 

79. If the hypothesis consists of several parts, these 
should be tabulated and then checked off as the demon- 
stration proceeds. If the theorem is properly stated, each 
part of the hypothesis will be used in the proof. 

For instance, in the theorem of § 32, the hypothesis is : AB -A'B'y 
AC=A'C\&nd/:A=^^ Z A'; SLudtheconclMaiouisiAABC^/^ A'B'C 

It will be found on examining the proof that each part of the 
hypothesis is needed and used in the course of the demonstration. 

If the conclusion could be proved without using every part of the 
hypothesis, then the parts not used should be omitted from the hypothe- 
sis in the statement of the theorem. 

80. In the proof of a theorem no conclusion should be 
taken for granted simply from the appearance of the figure. 
Each step in a proof should be based upon a definition, an 
axiom, or a theorem previously proved. 

It will then follow that the theorem is as certainly true 
as are the simple, unproved propositions with which we 
start, and upon which our argument is based. 
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Historical Note. The Egyptians showed no knowledge of a 
logical demonstration, nor did the Arabians, who studied geometry 
quite extensively. The Greeks developed the process of demonstra- 
tion to a high state of perfection. They were fully aware, moreover, 
that certain propositions must be admitted without proof (see § 60). 
Thus Aristotle (384-322 b.c.) says : " Every demonstration must start 
from undemonstrable principles. Otherwise the steps of a demon- 
stration would be endless." Euclid divided unproved propositions 
into two classes: axioms, or "common notions," which are true of all 
things, such as, '^If things are equal to the same thing they are equal 
to each other"; &ud postulbUes, which apply only to geometry, such as, 
" Two points determine a line." The best usage in modem mathe- 
matics is to adopt the one word axiom for both of these, as in § 60. 

Much practice is needed in writing demonstrations in 
full detail. This should be done in the shortest possi- 
ble sentences, usually giving a separate line to each state- 
ment, followed by the definition, axiom, or theorem on 
which it depends. 

For this purpose the following symbols and abbrevia- 
tions are convenient: 



Z, A, angle, angles. 
A, ^, triangle, triangles. 
O Z17 |pa»*allelogram, 
* [parallelograms, 
n, [s], rectangle, rectangles. 

(.right anglas. 

[straight angles. 

rt A rt A I"^*^* triangle, 
[right triangles. 
O, ®, circle, circles. 
^^> ^> arc, arcs. 
= , is equal, or equivalent, to. 
'^, is similar to. 
&, is congruent to. 
>, is greater than. 



<, is less than. 
^, is less than or equal to. 
^, is greater than or equal to. 
II, parallel, or is parallel to. 
, fperpendicular, or 
' [ is perpendicular to. 
lis, parallels. 
J&, perpendiculars. 
.*. , therefore or hence, 
ax., axiom, 
th., theorem, 
def., definition, 
cor., corollary, 
alt., alternate, 
ext., exterior, 
int., interior, 
hyp., by hypothesis. 
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DIEQUALITIE8 OF PARTS OF TRIANGLES. 

81. Definition. If one side of a triangle 
is produced, the angle thus formed is called 
an exterior angle of the triangle. 

Thus, Z 1 is an exterior angle of the triangle ABC. A 

82. Axiom VII. If a^ h, c are Une-segments {or 

angles) such that a>h and h^^c^or such that a > 6 and 

b>Cy then a>c. 

The proof of the following theorem is shown in full 
detail as it should be written by the pupil or given orally, 
except that the numbers of paragraphs should not be 
required. 

83. Theorem. An exterior angle of a triangle is 
greater than either of the opposite interior angles. 




Given the AiiBC with the exterior angle DBC formed by pro- 
ducing the side AB. 

To prove that Z, BBC > Z.c and also Z BBC > A A. 

Proof: Let E be the middle point of BC, 

Find "E by the construction for bisecting a line-segment (§ 51). 

Draw AE and prolong it, making EF— AE^ and draw BF. 
In the two A ACE and FBE^ we have by construction 

CE = EB and AE = EF. 
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Also Z CEA = Z BEF. 

(Vertical angles are equal, § 74.) 
.•. AACE^AFBE. 

(Two triangles which have two sides and the included angle of the 

one equal respectively to two sides and the included angle of the other 

are congruent, § 32.) 

.'. ZC = Z FBE. 

(Being angles opposite equal sides in congruent triangles, § 29.) 

But ZDBO Z FBE. 

(If an angle is the sum of two angles it is greater than either of 

them, §39.) 

.-. ZdBOZc. 

(Since Z DBC > Z. FBE and Z FBE = Z C, Ax. VH, § 82.) 

In order to prove Z BBC > Z A^ prolong CB to some 
point G. . 

Then Z ABG = Z DBC. 

(Vertical angles are equal, § 74.) 

Now bisect ABy and in the same manner as before we may 
prove Zabg>Za. 

.•. ZdboZa. 

(Since Z DBC = ZABGmdZ ABG > Z ^4, Ax. VH, § 82.) 

For the second part of the proof let H be the middle point 
of AB. Draw CH and prolong it to IT, making Cff = HK. 

Let the student draw the figure for the second part of 
the proof and give it in full. 

Hereafter more and more of the details of the proofs will 
be left for the student to fill in. 

When reference is made to a paragraph in the text or 
when the reason for a step is called for, the complete state- 
ment of the definition, axiom, or theorem should be given 
by the student. 
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84. Theorem. If two sides of a , triangle are un- 
equal, the angles opposite these sides are unequal, the 
greater angle being opposite the greater side. 

Given ^ABC in which AC>BC 
To prove that Z abc > Z.a. 
Proof : Lay off CD = CB and d raw BD. 

Now give the reasons for the follow- 
ing steps: 



(1) 


Z ABC > Z DBC. 


(§39) 


(2) 


Z DBC = Z CDB. 


(§37) 


(3) 


Z.CDB>Z.A. 


(§88) 


(4) 


.: Zabo ZA. 


(§82) 




86. Theorem. // two angles of a triangle are un- 
equal, the sides opposite them are unequaly the greater 
side being opposite the greater angle. 

Given AiiBC in which /.B>/.A. 

To prove that b> a. 

^ooii One of the following three 
statements must be true: 

(1) J = a, (2) J<a, (3) b>a. 

But it cannot be true that 6 = a, 
for in that case Z.b=^Za^ 

contrary to the hypothesis that Z.B> Z.A. 

And it cannot be true that J < a, for in that case 

Ab<Za^ 
contrary to the hypothesis. 

Hence it follows that J > a. 




(§37) 



(§84) 
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86. The above argument is called proof by exclusion. 
Its success depends upon being able to enumerate all the 
posMle caseSy and then to exclude all but one of them by 
showing that each in turn leads to some contradiction. 

87. BXBRCISBS. 

1. The hypotenuse of a right triangle is greater than either leg. 

2. Show that not more than two equal line-segments can be 
drawn from a point to a straight line. 

SuGOESTiox. Suppose a third drawn. Then apply §§ 37, 83, 84. 

3. Show by joining the vertex A of the triangle ABC to any point 
of the side BC that ZB + ZC <2 rt. A, Use § 83. 

4. If two angles of a triangle are equal, the sides opposite them are 
equal. Use §§ 84, 86. 

5. Either leg of an isosceles triangle is greater than half of the base. 

6. Show that an equiangular triangle is equilateral, and conversely. 

THEOREMS ON PARALLEL LDTES. 

88. A straight line which cuts two straight 
lines is called a transversal. The various 
angles formed are named as follows: 

Z4 and Z5 are alternate-interior angles; 
also Z. 3 and Z 6. 

Z2 and Z7 are alternate- exterior angles; also Zl and 
Z8. 

Z 1 and Z 5 are corresponding angles ; also Z 3 and Z 7, 
Z2andZ6, Z4andZ8. 

Z 3 and Z 5 are interior angles on the same side of the 
transversal; also Z 4 and Z 6. 

89. Definition. Two complete lines which lie in the 
same plane and which do not meet are said to be parallel. 

Two line-segments are parallel if they lie on parallel 
lines. 
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90. Theorem. // two lines cut by a transversal have 
equal alternate interior angles, the lines are parallel. 

Given the lines /i and /s cut by t so that 
Z1 = Z2. 

To prove that l^ II l^. 

Proof: Suppose the lines l^ and Zj 
were to meet on the right of the trans- 
versal. Then a triangle would be 
formed of which Z 1 is an exterior angle and Z 2 an 
opposite interior angle. 

This gives an exterior angle of a triangle equal to an^ 
opposite interior angle, which is impossible. (Why?) 

Repeat this argument, supposing l^ and Zj to meet on the 
left side of the transversal. 

Hence l^ and l^ cannot meet and are parallel (§ 89). 

91. The type of proof used here is called an indirect 
proof. It consists in showing that something impossible 
or contradictory results if the theorem is supposed not true. 

92. Theorem. If two lines cut by a transversal have 
equal corresponding angles^ the lines are parallel. 

Given the lines /i and 4 cut by t so that 
Z 2 = Z 3. 

To prove that l^ || l^. 

Proof : Quote the authority for each 
of the following steps : 

Z 3 = Z 2. 

Z3 = Z1. 

.-. Z1 = Z2. 




(§74) 

(Ax. IV) 

(§90) 



RECTILINEAR FIGURES. 87 

93. Theorem. // two lines cut by a transversal have 
the sum of the interior angles on one side of the trans- 
versal equal to two right angles, the lines are parallel. 

4 




Given /i and k cut by t so that Z^ + Z2=^2 rt. A. 

To prove that l^ II ^j* 

Proof: Z 4 is supplementary to Z 1 and also to Z2. 

(Why ?) 

.-. Z1 = Z2. (Why?) 

.-. hWlr (Why?) 

94. BXBRCISBS. 

1. Show that if each of two lines is perpendicular to the same line, they 
are parallel to each other, 

2. Let A BC be any triangle. Bisect BC at D. 
Draw AD and prolong it to make DE = AD, 
Draw CE, Prove CE II AB. 




3. Use Ex. 2 to construct a line through a A 
given point parallel to a given line. 

Suggestion. Let AB be a segment of the given line and let C 
be the given point. Draw CA and CB and proceed as in Ex. 2. 

96. Exs. 2 and 3 above show that through a point P, 
not on a line Z, at least one line l^ can be drawn parallel to I, 

It seems reasonable to suppose that no other line l^ can 
be drawn through P parallel to ?, al- p q 
though this cannot be proved from the y' t^jlp^'^'^l^ 
preceding theorems. See § 60, — "^^ ^ 

Hence we assume the following : 
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96. Axiom VIII. Through a point not on a line only 
one straight line can he drawn parallel to that line. 

Historical Note. This so-called axiom of parallels has attracted 
more attention than any other proposition in geometry. Until the 
year 1829 persistent attempts were made by the world's most eminent 
mathematicians to prove it by means of the other axioms of geometry. 
In that year, however, a Russian, Lobachevsky, showed this to be im- 
possible and hence it must forever remain an axiom unless some other 
equivalent proposition is assumed. 

97. Theorem. // two parallel lines are cut by a 
transversal, the alternate interior angles are equal. 

Given /i II /j and cut by t A 
To prove that Z 1 = Z 2, ' rg^^^ ^t 
Proof : Suppose Z 2 not equal to Z 1. ^ • 

Through P draw ?g, making Z 3 = Z 1. — /^ li 

.'. ?8 II ly (Why ?) ^ 

But by hypothesis Zg H ^i and thus we have through P 

two lines parallel to Z^, which is contrary to Ax, VIII. 
Therefore, the supposition that Z 2 is not equal to Z 1 

leads to a contradiction, and hence Z 1 = Z 2. 

98. Compare this theorem with that of § 90. The hy- 
pothesis of either is seen to be the conclusion of the other. 

When two theorems are thus related, each is said to.be 
the converse of the other. Other pairs of converse theo- 
rems thus far are those in § 37 and Ex, 4, § 87 ; §§ 75 and 
76, and §§ 84 and 85. 

The converse of a theorem is never to be taken for 
granted without proof, since it does not follow that a state- 
ment is true because its converse is true. 

Thus, it is ti'ue that if a triangle is equilateral, it is also isosceles, but 
the converse, if a triangle is isosceles, it is also equilateral, is not true. 
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99. Theorem. If two parallel lines are cut hy a 
transversal, the sum of the interior angles on one side 
of the transversal is two right angles. 

Suggestion. Make use of the preced- 

ing theorem and give the proof in full. 

Of what theorem is this the converse ? 

100. BXBRCISBS. 

1. state and prove the converse of the theorem in § 92. 

2. Prove that if two parallel lines are cut by a transversal the 
alternate exterior angles are equal. Draw the figure. 

3. State and prove the converse of the theorem in Ex. 2. 

4. If a straight line is perpendicular to one of two parallel lines, it 
is perpendicular to the other also. 

5. Two straight lines in the same plane parallel to a third line 
are parallel to each other. Suppose they meet and then use § 96. 







6. If ?i II ^2 II h and if Zl = 30°, find the other angles in the first 
figure. 

7. If /jll/jj, how are the bisectors of Zl and Z^ related? Of Z3 
andZ4? 3 

8. If /j II /g, and i4(9 = OB, show that DO=OC. 




State this theorem fully and prove it. a3^ ^a 

9. If ;in;2andZ2 = 5Zl, findZ4andZ3. ^ 

10. If two parallel lines are cut by a transversal, the sum of the 
exterior angles on one side of the transversal is two right angles. 

11. State and prove the converse of the preceding theorem. 
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APPLICATIONS OF THEOREMS ON PARALLELS. 

101. Problem. Through a given point to construct a 
line parallel to a given line. 

Given the line / and the point P outside of it. 

To construct a line l^ through P || to I. 

Construction. Through P draw any line making a con- 
venient angle, as Zl with L 

Through P draw the line Z^ making 
Z2 = Z1(§47). Then?il|Z. 

Proof : Use the theorem, § 92. 

Hereafter all constructions should be 
described fully as above, followed by a proof that the con- 
struction gives the required figure. 

102. Theorem. The sum of the angles of a triangle is 
equxd to two right angles. jp 

Given A ABC with Z 1, Z 2, Z 3, c \ 

To prove that 

Zl + Z2 + Z3 = 2rtA 

Proof: Prolong -4JB to some point 2). A 
Through B draw BE \\ AC. 

Then Z5 + Z4 + Z3=2rt^. (Why ?) 

But Z4 = Z 2 and Z 5 = Z 1. (Why?) 

Hence, replacing Z5 and Z4 by their equals, Zl and 
Z 2, we have Z 1 + Z2 + ^3 = 2 rtA. 

Historical Note. This is one of the famous theorems of geome- 
try. It. was known by Pythagoras (500 B.C.), but special cases were 
known much earlier. The figure used here is the one given by 
Aristotle and Euclid. As is apparent, the proof depends upon the 
theorem, § 97, and thus indirectly upon Axiom VIII. The interdepend- 
ence of these two propositions has been studied extensively during 
the last two centuries. 
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103. Theorem. An exterior angle of a triangle is 

equal to the sum of the two opposite interior angles. 

The proof is left to the student. 
Compare this theorem with that of § 83. 

104. Definition. A theorem which 
follows very easily from another theo- 
rem is called a corollary of that theorem. 
E.g. the theorem in § 103 is a corollary 
of that in § 102. 

105. BXBRCISES. 

1. Find each angle of an equiangular triangle. 

2. If one angle of an equiangular triangle is bisected, find all the 
angles in the two triangles thus formed. 

3. If in a A^BC, AB =^Cand Z^ = /B + Z C, find each angle. 

4. If in the figure ^^ = ^CandZ4 = 120^ find 
/ll, Z2, Z3. 

5. If one acute angle of a right triangle is 30°, 
what is the other acute angle? If one is 41° 23'? 

6. If in two right triangles an acute angle of one 
is equal to an acute angle of the other, what can be 

said of the remaining acute angles. What axiom is involved? 

7. If in two right triangles the hypotenuse and an acute angle of one 
are equal respeciioely to the hypotenuse and an acute angle of the other y the 
triangles are congruent. Prove in full. 

8. Can a triangle have two right angles? Two obtuse angles? 
Can the sum of two angles of a triangle be two right angles? What 
is the sum of the acute angles of a right triangle? 

9. If two angles of a triangle are given how can / n^^ 
the third be found? If the sum of two angles of one / Nv 
triangle is equal to the sum of two angles of another, , , 
how do the third angles compare? 

10. Prove the theorem of § 102, using each of the 
figures in the margin. The first of these figures was 
used by Pythagoras. 
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106. Definition. An angle viewed from 
the vertex has a right side and a left side. 

107- Theorem. If two angles have ^ 
their sides respectively paraUely right 
side to right side, and left side to left 
side J the angles are equal. 

Given Zi and Z2 such that a I a' and blb'» 
To prove that Z 1 = Z 2. 
Proof : Produce a and V till they meet, 
forming Z 3. Complete the proof. 

Why do a and ^ meet when produced? 

Make a proof also by producing b and a' till they meet. 

108, Theorem. ^ two angles have their sides re- 
spectively perpendicular ^ right side to right side, and 
left side to left side, the angles are equal. 

Given /. 1 and Z 2 such that ai.ii/ and bXV* 

To prove that Z 1 = Z2. 

Proof : Produce a and a' till they meet in O. 

Through o draw a line parallel to 6. 

Now show that Z 2 = Z 3 since each is 
the complement of Z4. Complete the 
proof. 

109. BXBRCISB8. 

If two angles have their sides respectively 
parallel, or perpendicular, right side to left side, 
and left side to right side, the angles are supple- 
mentary. In each figure Z 1 = Z3. (Why?) 

Historical Note. The theorems of §§107, 
108, 109 are not found in Euclid's Elements. 
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OTHER THEOREMS ON TRIANGLES. 

110. Theorem. // in two right triangles the hypote- 
nuse and one side of one are equal respectively to the 
hypotenuse and one side of the others the triangles are 
congruent. 




0' A 

Given the right A ABC and A^BC, having AB^A^B and 

Bc=ec\ 

To prove that A ABC ^ A A'b^c'. 

Proof : Place the triangles so that BC and B^cf coincide, 
and so that A and A^ are on opposite sides of BC, 

Then AC and CA^ lie in a straight line (Why ?), and 
A ABA' isosceles (Why?). 

Hence, show that A A = Aa! and complete the proof. 

111. Corollary. If from a point in a perpendicular 
to a straight line equal oblique segments are drawn to the 
line, these cut off equal distances from the foot of the 
perpendicular, and make equal angles with the perpendic- 
ular and with the given line. 

Give the proof in full, as of an independent theorem. 

112. Theorem. // from a point in a perpendicylar 
to a line oblique segments are drawn, cutting off equal 
distances from the foot of the perpendicular, these seg- 
ments are equal, and make equal angles with the perpen- 
dicular and with the given line. 

Give the proof in full, using A ABA' of § 110. 
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113. Theorem. The perpendicular is shorter than 

any oblique segment from a point to a line. 

Suggestion. Show by § 102 that the angle opposite the 
oblique segment in the triangle formed is greater than 
either of the other angles, and then make use of § 85. 

114. The distance from a point to a line means the 
shortest distance^ and hence is measured on the perpen- 
dicular. 

115. Theorem. If from a point in a perpendicular 
to a line segments are drawn cutting off unequal dis- 
tances from the foot of the perpendicular y the segments 
are uneqtud, that segment being the greater which cuts 
off the greater distance. 

Given AO±BCandOC>OR 

To prove that AOAB. 

Proof : Let OB^ = 0B and 
draw AB^, 

Then, ZOB^A< rt. Z, and 
/. Z AB'c > rt. Z. 

Also Z OCA < rt. Z. 

.'.AOAB'. 

.'. AC> AB since AB' = AB. Give reasons for each step. 

116. Theorem. // from a point in a perpendicular 
to a line unequal segments are drawn , these cut off unequal 
distances from the foot of the perpendicular, the greater 
segment cutting off the greater distance. 

Suggestion. Using the figure of § 115 and the hypoth- 
esis that AC> AB^ show that two of the following state- 
ments are impossible : 

(1) OC = 0J5 ; (2) OC<OB\ (3) DC > OB. See § 86. 
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117, Theorem. // in two triangles two sides of the 
one are equal respectively to two sides of the other, bvi 
the included angle of the first is greater than the included 
angle of the second, then the third side of the first is 
greater than the third side of the second. 




Given ^ABC and A^BC in which ABz=:A'Bf^ BC=BC and 

To prove that AOA^c'. 

Proof: Place Aa'b'c' on A ABC so that a'b' coincides 
with its equal AB and c' is on the same side of AB as C. 
Let BD bisect Z C^BC^ meeting AC in D, Draw DC^ . 
Then A BBC* ^ A BBC. (Why ?) 

• •.DC' = 2)0 and AD + DC* = AC. (Why?) 
But AD + DC*>AC'. (Ax. Ill, § 61) 

AOAC*. (Ax. VII, §82) 

118. Theorem. If in two triangles two sides of the 
one are equal to two sides of the other bat the third side 
of the first is greater than the third side of the second, 
then the included angle of the first is greater than the 
included angle of the second. 

Suggestion. Using the figure of § 117 and the hypothesis 
that AC>A'c\ show that two of the three following 
statements are impossible: 

(1)ZB = ZB'; (2)ZB<ZJ5'; (3)ZB>Zb'. See § 86. 
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119. Axiom IX. // a, b, c, d are line-segments (or 
angles) such that a>b and c^d or such that a>b and 
c>d, then a + ob + d. Also if a>b and c<d, then 
a-^Ob-^d, provided a>c and b>d. (See §§ 10, 39.) 

120. Theorem. The sum of the segments drawn from 
a point within a triangle to the extremities of one side is 
less than the sum of the^ other two sides. 

c 




Given the point O within the A ABC. 
To prove that AO+OB<,AC+ CB. 

Proof: AO + OE<AC+CE. 

And OB<OE + EB. 

.•. AO + OE+OB<AC+CE-\-OE+EB. 

Subtracting OE from both members, 

AO + OB<AG + CE+EB. 

That is, AO + OB<,AC + CB. 



(Why?) 

(Why?) 

(Ax. IX) 

(Ax. IX) 
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1. Show that any side of a triangle is greater than the difference 
between the other two sides. 

2. Show that the sum of the distances from any point 
within a triangle to the vertices is greater than one-half 
the sum of the sides of the triangle. A B 

3. Show that the segment joining the vertex of an isosceles tri- 
angle to any point in the base is less than either of the equal sides. 

4. Show that any altitude of an equilateral triangle bisects the 
vertex angle from which it is drawn and also bisects the base. 

5. State and prove the converse of the theorem in Ex. 4. 
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6. Construct angles of 60% 120°, and SO"*. 

7. Construct angles of 45° and 135°. 

SuooESTiON. Bisect a right angle and extend one side. 

122. Problem. Given two sides of a triangle and 
an angle opposite one of them, to construct the triangle. 

a 




Solution. Let Z. A and the segments a and b be the given parts. 

On one side of Z A lay off AB = 6, and let the other 
side be extended to some point K. 

With B as a center and a radius equal to a, construct 
arcs of circles as shown in the figure. 

The following cases are possible : 

(1) If a equals the perpendicular distance from B to 
AK^ the arc will meet AK in but one point, and a right 
triangle is the solution. 

(2) If a < 6 and greater than the perpendicular, the 
arc cuts AK in two points, and there are then two tri- 
angles containing the given parts, as shown by the dotted 
lines in the figure. 

(3) If a > 6, the arc will cut AK only once on the 
right of -4, and hence only one triangle will be found. 

Repeat this construction, making a separate figure for 
each case. 

Make the -construction when Z -4 is a right angle. Are ' 
all three cases possible then? Make the construction 
when Z J. is obtuse. What cases are possible then ? 
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BXBRCISE8. 





1. A carpenter bisects an angle A as follows: 
Lay off AB r= AC. Place a steel square so that 

BD = CD as shown in the figure. 
Draw the line A D. Is this method 
correct? Give proof. Would this 
method be correct if the square 
were not right-angled at Z) ? 

2. In the triangle ABC, AC = BC. The points 
D, E, F are so placed that AD = BD and AF = BE. 
Compare DE and DF, Prove your conclusion. 

3. If in the figure Z 2 ^ Z 1 = 15°, and Z4 = 120, 
fi'nd each angle of the triangle. 







4. If in A ABC, AC = BC, and if AC is extended to 2> so that 
AC = CD, prove that DB is perpendicular to AB, 

5. In A ABC, CA = CB, AD = BE, Prove A ADB s A ABE. 

6. In the triangle KLN, NM is perpendicular to KL, and 
KM = MN = ML. Prove that KLN is an isosceles 
right triangle. 

7. If in the isosceles A ^BC a point D lies in 
the base, and Z 1 = Z 2, determine whether there is 
any position for D such that DE = DF. 

8. If the bisectors AD and BE of the base 
angles of an isosceles triangle ABC meet in O, 
what pairs of equal angles are formed? What 
pairs of equal segments ? Of congruent triangles ? 

9. If the middle points of the sides of an equi- 
lateral triangle are connected as shown in the fig- 
ure, compare the resulting four triangles. 
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.10. Triangle ABC is equilateral. AD = BE = CF. 
Compare the triangles DBE, ECF, FAD, 

11. Two railway tracks cross as indicated in the 
figure. What angles are equal and what pairs of 
angles are supplementary? State a theorem involved 
in each case. 

12. In 2k A ABC does the bisector oi Z.A also 
bisect the side BC (1) ii AC == BC hut AC <AB, 
(2)ilAC^ABl A 

13. If in the triangle ABC, AB = AC a.ndilE 
is any point on A C, find D on AB so that 

A ECB s A CDB, 

14. If in the figure AB = AC, find Zl if 
Z^ = 60**; if -^^ = 40^ Show that whatever the 

B value of ZA, Zl = J Z^ + rt. Z. 

15. If in the isosceles triangle ABC 
the middle point of -4B is D and 
AF = BE, find the relation between 
ZlandZ2. 



16. In the figure ^0=0C and 
OD = OB, How are the segments ^ C and DB 

related? How are AD and 
C5 related? Prove. 








17. To cut two converging 
timbers by a line AB which 
shall make equal angles with 
them, a carpenter proceeds as 
• follows: Place two squares against the tim- 
bers, as shown in the figure, so that AO = BO, 
Show that AB is the required line* 
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DETERMINATION OF LOCI. 

DM. Theorem. Every point on the bisector of an 
angle is equidistant from the sides of the angle. 

Given P, any point on the bisector of the 
angle A, and PC and PB perpendicular to 
the Bides. 

To prove that PC = pb. a< 

Proof : By the hypothesis 

Z1 = Z2. 

Show that Z 3 = Z 4 and complete the proof. 

125. Theorem. // a point is equally distant from the 
sides of an angle, it lies on the bisector of the angle. 

Given an angle A, any point P and the per- 
pendiculars PB and PC equal. 

To prove that PA bisects the angle A. 

Proof : Give the argument in full to 
show that AABP ^AAPG and thus 
show that Z 1 = Z 2. 

Hence AP is the bisector of the angle A, 

126. The two preceding theorems enable us to assert 
the following: 

(1) Every point in the bisector of an angle is equidistant 
from its sides. 

(2) Every point equidistant from the sides of an angle lies 
in its bisector. 

For these reasons the bisector of an angle is called the 
locus of all points equidistant from its sides. 

The word locus means place or position. It gives the location of all 
points having a given property. 
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127. All points in a plane which satisfy some specified 
condition, as in the case preceding, will in general be 
restricted to a certain geometric figure. 

This figure is called the locus of the points satisfying the 
required condition, provided: 

(1) Every point in the figure possesses the required prop' 
erty. 

(2) Every point in the plane which possesses the required 
property lies in the figure. 

128. Theorem. The locus of all points equidistant 
from the extremities of a given line-segment is the per- 
pendicidar bisector of the segment. 

Given the perpendicular bisector / meeting 
the segment AB at D. A 

To prove that (a) every point in Z is / 

equidistant from A and B; (6) every / \ 

point which is equidistant from A and B / 
lies in I. /_ 



\ 



A [D 

Proof : (a) Let P be any point in I. 
Draw PA and PB. ^ 

Then PA = PB. (§ 112) 

(6) Let P be any point in the plane such that PA = PB. 

Bisect /. APB with the line PD. 

Now show that A ABP ^ A BPB. 

And hence that AB = BB and A ABP = ABBP. 

Hence PB is the perpendicular bisector of AB^ and since 
there is only one such, this is the line I (§ 67). 

Thus the perpendicular bisector of the segment fulfills 
the two requirements for the locus in question. 

Steps (a) and (J) together show that a point not on the 
line I is unequally distant from A and B, 
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129. Problem. To find the locus of all points at a 
given distance from a given straight line. 

Solution. Given the line / and the segment a. 

CoDstruct a perpendicular to I at some point A and lay 
off AB = a. 

a 

Through B draw l^ II I. 

Then l^ is a part of the locus required. b p ^ 

Proof: (1) To show that any point P , 
in l^ is at the distance a from h 

Draw PA and also let fall PK± L ^ k - 

Now A ABP ^ A AKP and PK =^ AB = a. (Why ?) 

(2) To show that any point P in the plane above I whose 
distance from Ms a lies in ly 

Draw a ± from P to Z, meeting I and l^ in K and p' re- 
spectively. Then by (1) KP' = a. But KP = a. Hence 
P and P' coincide and P lies on l^ 

.\ l^is A part of the locus sought. 

Let the student find another line which is also a part of 
the locus. 

XoTE. In (1) and (2) above, great care is needed in keeping the 
hypothesis clearly in mind. 

130. BXBRCISBS. 

^. Find the locus of all points in the plane equally distant from 
two parallel lines. 

2. Find the complete locus of all points in the plane equally dis- 
tant from two intersecting lines. 

3. Find the locus of all points in the plane equally distant from a 
fixed point. 

4. Find the locus of all points in the plane equally distant from 
two fixed points. 
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131. Theorem. The bisectors of the three angles of a 
triangle meet in a point. 

Given AD, BE, and CF bisecting ZA, ZB, 
Z C respectiyely of the triangle ABC. 

To prove that AD, be, and CF meet in 

a common point. 

Proof : Let AD and BE meet in some 

point, as O. 

Then o is equidistant from AB and 

AC. Why ? 

Also O is equidistant from AB and BC. C^hy ?) 

.'. O is equidistant from AC and BC. (Why ?) 

Then O lies on the bisector of Z C. (Why ?) 

That is, CF passes through the point o, and thus the 

three bisectors meet in a common point. 

132. Theorem. The three perpendicular bisectors of 
the sides of a triangle meet in a c 
point. 

Given FE, DG, and EK perpendicular 
bisectors of the sides AB, BC, and CA of 
AABC. 

To prove that FH, dg, and EK 
meet in a point. 

Proof: The proof is exactly similar to that of § 131. 

133. BXBRCISBS. 

1. In § 131 how do we know that AD and BE meet? 
Suggestion. Show that AD and BE cannot be parallel. 

2. In § 132 how do we know that FH and GD meet ? 

3. Do the bisectors of the angles always meet inside the triangle ? 

4. Do the perpendicular bisectors of the sides always meet inside 
the triangle? Draw figures to illustrate the various cases. 
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THEOREMS ON QUADRILATERALS. 

134. Definitions. If no three of the points 
A^ B, C, 2> lie in the same straight line, the ^ 
figure formed by the four segments AB^ BC^ 
CA ^Ay is called a quadrilateral. 

The segments are the sides of the quadrilateral and the 
points are its vertices. 

Two sides are adjacent if they meet in a vertex, as ^B and 
BC. Otherwise they are opposite, as AB and CD. Two 
vertices are adjacent if they lie on the same side, as A and 
B. Otherwise they are opposite, as A and C. 

A diagonal of a quadrilateral is a segment joining 
two opposite vertices, as ^C 
and BD, 



Quadrilaterals which have 
a re&fit/rant angle, such as 
ZBCDy and those in which 
two sides intersect^ such as AB and C/), are not considered 
here. 





Rhomboid 



7 



Rhombus 



Rectangle 



Square 



136. A parallelogram is a quadrilateral in which both 
pairs of opposite sides are parallel. 

A rhomboid is a parallelogram whose angles are oblique. 
A rhombus is an equilateral rhomboid. 

A rectangle is a parallelogram whose angles are right 
angles. A square is an equilateral rectangle. 

The side on which a parallelogram is supposed to stand is 
called its lower base, and the side opposite is its upper base. 
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136. A trapezoid is a quadrilateral having only one pair 
of opposite sides parallel. 

An isosceles trapezoid is one in which 
the two non-parallel sides are equal. 

In a trapezoid the two parallel sides 
are the upper and lower bases. 

137. The altitude of a parallelogram or a trapezoid is the 
perpendicular distance between its bases, and its diameter 
is the segment joining the middle points of the other sides. 

« 

138. BXBRCISBS. 

1. Name each of the followiug quadrilaterals on page 4 : IHPN^ 
IHGO, AEDB, COED, JMPG, RSED, KLWV, JIBC. To deter- 
mine whether opposite sides of these figures are parallel, use the pro- 
tractor for measuring the necessary angles. 

2. Is every rectangle a parallelogram? Is the converse true? 

3. Is every rectangle a square ? Is the converse true ? 

139. Theorem. Opposite sides of a parallelogram are 
equal. 2) c 





A B 

Given ABCD, a parallelogram; that is, AS li CD and AD II BC 

To prove that AB = CD and BC = AB, 

Proof : Draw the diagonal AC, 

Prove A ABC ^AACD and compare corresponding sides. 

What determines which are corresponding sides ? 

140. BXBRCISBS. 

1. Show that a diagonal of a parallelogram divides it into two 
congruent triangles. 

2. Give the proof in § 139, using the diagonal BD, 



56 PLANE GEOMETRY. 

141. Theorem. The diagonals of a parallelogram 6i- 
sect each other. jy c 




A B 

Given O ABCD with its diagonals meeting at the point 0. 

To prove that oc=^ OA and OB = OD, 

Proof : In the triangles AOB and COB^ determine whether 
sufficient parts are equal to make them congruent, and if 
so compare corresponding parts. Give all the details of 
the proof. 

Can the proof be given by using the AAOD and BOCi K so, 
give it. 

142. Theorem. If a quadrilateral has both pairs of 
opposite sides equalj the figure is a parallelogram. 




A B 

Given a quadrilateral ABCD in which AB = CD and AD = BC- 

To prove that AB II CD and AD II BC. 
Proof : Draw the diagonal AC, 

In the A ABC and ADC determine whether any test for 
congruence applies, and if so compare corresponding angles. 

143. BXERCISBS. 

1. By use of the last theorem the question of Ex. 1, § 138, can be 
answered by measuring sides instead of angles. Verify the results 
by this process. 

2. Which two of the theorems §§ 139, 141, 142 are converse? 
State in detail the hypothesis and conclusion of each. 
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144 Theorem. If a quadrilateral has one pair of 
opposite sides equal and parallel, the figure is a parallel' 
ogram. 




A B 

Given. (State all the items given in the hypothesis.) 

To prove. (State what needs to be proved in order to 
show that ABCD is a parallelogram.) 

Proof : From the data given prove that 

A ABC ^ A BDC. 

Use corresponding angles of these congruent triangles to 
show that the other two opposite sides are parallel. 

Hence show that the figure is a parallelogram. 

Write out this demonstration in full. 

Could the theorem be proved equally well by drawing 
the other diagonal ? If so, draw it and give the proof. 

« 

146. BXERCISBS. 

1. Prove that if the diagonals of a quadrilateral bisect each other 
it is a parallelogram. What is the converse of this proposition ? 

2. Show that if two intersecting line-segments bisect each other, 
the lines joining their extremities are parallel. 

3. The parallel lines /, and l^ are cut by a trans- 
versal AB, AC and AD bisect Z.2 and Al respec- 
tively. Prove that ▲ CBA and DBA are isosceles. 
Compare the segments CB and BD. 

4. If in an isosceles right triangle ABC the 
bisectors of the acute angles meet at 0, find how 
many degrees in the Z 1 thus formed. 
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146. Theorem. // the two diagonals of a parallelo' 
gram are egual, the figure is a rectangle. 

c 




A £ 

Giyen OABCD with AC = BD, 

To prove that Zl = Z2 = Z3 = Z4 = rt.Z. 

Proof : Show that A ABB ^AABC. 

.-. Z1 = Z3. 
But Z 1 -f -^ 3 = 2 rt. A 

.-. Z 1 = Z 3 = rt. Z. 

In like manner prove that Z 2 = Z 4 = rt. Z. 
Hence the figure is a rectangle (§ 135). 



(Why ?) 
(Why ?) 
(Why?) 



147. BXBRCISES. 

1. State and prove the converse of the theorem, § 146. 

2. Show that a diameter of a parallelogram passes through the in- 
tersection of its diagonals. See § 137. 

Suggestion. Show that it bisects each diagonal. 

3. Prove that the diagonals of a square are perpendicular to each 
other. 

4. Prove that the diagonals of a rhombus are perpendicular to 
each other. 

5. Does the same proof apply to Exs. 3 and 4? 

6. Are the diagonals of a square equal ? Is this true of a rhom- 
bus? Prove each answer correct. 

7. Do the diagonals of a square bisect each other ? Is this true of 
a rhombus? Of a trapezoid ? 

8. Show that if two adjacent angles of a parallelogram are equal, 
the figure is a rectangle. 
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148. Theobem. Ttoo parallelograms having an angle 
and the two adjacent sides of one equal respectively to an 
angle and the two adjacent sides of the other are con- 





B A' 



Given [UABCD and A'SCit such that AB » A^S^ AJ) = A'ff 
andZil = il'. 

To prove that O abcd ^ O a^b^c'i/. 

Proof: Apply O abcd to CJa'b'c'i/ so as to make 
Zu4 coincide with Z^', ^B falling on A'b\ and ^D on 
A'D'. 

Then BC takes the direction b'c\ since AB ^ Z.b\ 
being supplements of the equal angles A and ^'. (Why ?) 

C falls on (/, since BC = bV, being segments equal to 
the equal segments AB and A^lJ. (Why ?) 

Hence CD coincides with dD\ (Why ?) 

Therefore O ABCD ^ O A*B^cfD\ since they coincide 
throughout. 

149. BXBRCISBS. 

1. Are two parallelograms congruent if they have a side and two 
adjacent angles of the one equal respectively to a side and two adja- 
cent angles of the other ? Draw figures to illustrate your answer. 

2. Are two parallelograms congruent if they have four sides of one 
equal to four sides of the other? Show why, and draw figures to 
illustrate. 

3. Compare the theorem of § 148 and Exs. 1 and 2 preceding with 
the tests for congruence of triangles. 

4. Prove that the opposite angles of a parallelogram are equal. 

5. State and prove the converse of Ex. 4. 
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OTHER THEOREMS APPLTIH6 PABALLBLS 

160. Theorem. // a line bisects one side of a triangle 
and is parallel to the base, then it bisects the other side 
and the included segment is eqiud c 

to one half the base. 

Given a line II AB in A ABC such 7^ ^ ^ 

that AZ>=DC 

To prove that be = ec and a 

DE=^AB. 

Proof : Draw EF through E parallel to CA. 

Now show that AFED is a parallelogram, 
and that . A dec ^ A FBE^ 

from which CE = EB^ BE = FB^ DE = AF, 

and ab = af+fb=z2de, 

or DE = I AB. 

State the reasons for each step. 

151. Theorem. A segment connecting the middle points 
of two sides of a triangle is parallel to the third side and 
equal to one half of it. 

Given A ABC and the segment DE such that AD = DC and 

CE = KB. See figure in § 150. 

To prove that DE II AB and DE= ^ AB. 

Proof : Since each of the sides AC and BC has but one 
middle point (§ 65), it follows that there is but one seg- 
ment DE bisecting both these sides. But by § 150 a certain 
segment parallel to the base fulfills this condition. 

Hence, DE is parallel to the base AB. 

Then, DE=^\AB as in § 150. 
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152. Theorem. // a segment is parallel to the bases of 
a trapezoid and bisects one of the non-parallel sides, then 
it bisects the other dlso and is equal to one half the sum 
of (he bases. d ^ 




..--'' o 




A B 

Given the trapezoid ABCD in which AE=£2> and EFWAB. 

To prove that BF= FC and ef= \iAB + bC), 

Proof : Draw the diagonal AC meeting EF in O. 

In A ACB^ AO = OC and ^0= \BC. (Why?) 

In A ABCyBF==FC and 0F= ^AB. (Why ?) 

Adding, EO+OF=EF=l (^AB + DC). (§ 61, V) 

Prove this theorem also by drawing the diagonal BD. 

State a similar theorem for a parallelogram and make a 
proof for that case which is simpler than the above. 

153. Theorem. // a segment connects the middle points 

of the two non-parallel sides of a trapezoid, it is parallel 

to the bases and equal to one half their sum. 

Proof : The argument is similar to that in § 161. Give 
it in full. 

154. BXBRCISBS. 

1. Does a theorem similar to that of § 153 hold for a parallelogram ? 
If so, state it and give a simpler proof in this case. 

2. If in the figure DEy FG, HI, etc., are parallel to i4 C* and if FE^ 
HG, JIj etc., are parallel to BC, find the sum of 
BDy DE, EF, FG, GH, etc. How, if at all, 
does the length of ^^ enter into the solution ? 

Suggestion. Produce GF, IH, KJ, to 
meet BC, forming [EJ. Then show that 
BD + EF + GHy etc., = BC, and similarly 
ED + GF+IH, etc., = AC. 
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155. Theorem. // a series of parallel lines intercept 
equal segments on one transversal, they intercept equal 
segments on every transversal. 




Given the parallel lines In l>j k> ^ cutting the transversal fi 
sothatii^=.BC=CD. 

To prove that on the transversal t^ EF= fg = gh. 
Proof : The figure ACGE is a parallelogram or a trapezoid 
according as t^ II ^ or not. 

In either case BFy which bisects -4C, also bisects EG 

(§1^2)- .\EF=^FG. 

Similarly, in the figure DHFB, FG = GH. 

. •. EF= FG = GH. 

158. Theorem, The three aUUvdes of a triangle meet 
in a point. ^ ,a" 



Outline of Proof: Through each vertex of the given 
triangle ABC draw a line parallel to the opposite side, 
forming a triangle a'b'&. 
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Show that ACA^B^ and AB^CB are parallelograms, and 
hence that B'c = AB =s CA'. That is, C is the middle 
point of A^b'. 

In the same manner show that A and B are the middle 
points of B'tf and a'& respectively. Also show that the 
altitudes of A ABC are the perpendicular bisectors of the 
sides of Aa'b'&^ and therefore meet in a point (§132). 

157. Definition. A segment connecting a vertex of a 
tnangle with the middle point of the opposite side is called 
a median of the triangle. 

168. Theorem. The three medians of a tnangle meet 
in a point which is two thirds the distance from each ver- 
tex to the middle point of its opposite side. 

o 



A H b 

Given A ABC with medians ED and AE meeting in O. 

To prove that the median from C also passes through O, 
and that AO = f ^^, B0—\ BD, and CO^^ CH. 

Outline of Proof : Taking F and G, the middle points of 
OB and OA respectively, use §§ 151 and 144 to show that 
the figure GFED is a parallelogram, and hence that 

BO— OF^ FB and EO — OG = OA. 

That is, O trisects AE and BB. 

In the same way we find that AE and Cfl meet in a 
point O' which trisects each of them. 

Hence O and o' are the same point. Therefore the 
three medians meet in a point which trisects each of them. 
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159. BZBRCISB8. 

1. If one angle of a parallelogram is 120°, how many degrees in 
each of the other angles ? 

2. If the angles adjacent to one base of a trapezoid are equal, 
then those adjacent to the other base are equal. 

3. If the angles adjacent to either base of a trapezoid are equal, 
then the non-parallel sides are equal and the trfipezoid is isosceles. 

4. In an isosceles trapezoid the angles adjacent to either base are 
equal. 

5. Divide a segment i4B into three equal parts. p, ^^^ 
SuooESTiON. From A draw a segment AC, 

and on it lay off three equal segments, AD, DEy 
EF (§ 33). 

Draw FB and construct EG and DH each parallel to FB, Prove 
AH = HG = GB. 

6. To cut braces for a roof, as shown in the figure, 
a carpenter needs to know the angle DBC when the 
angle DAB is given, it being given that AB := AD. 
Show how to find this angle. (See § 123, Ex. 14.) 

7. If each of the perpendicular bisectors of the 

sides of a triangle passes through the opposite vertex, what kind of a 
triangle is it ? If it is given that two of the perpendicular bisectors of 
sides pass through the opposite vertices, what kind of a triangle is it? 
If only one? 

8. Find the locus of the middle points of the segments joining a 
vertex of a triangle to all points on the opposite side. 

9. Given a line I and a point P not in the line. Find the locus of 
the middle points of all segments drawn from P to /. 

10. The length of the sides of a triangle are 12, 14, 16. Four new 
triangles are formed by connecting middle points of the sides of this 
triangle. What is the sum of the sides of these four triangles ? 

11. Draw any segment PA meeting a line / in ^4 . p \r 
Lay oS ABon L With P and B as centers and with / yx 
AB and AP as radii respectively, strike arcs meet- / 

ing in C, Draw PC^ and prove it parallel to L a b 
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12. If the side of a triangle is bisected by the perpendicular upon 
it from the opposite vertex, the triangle is isosceles. 

13. State and prove the converse of this theorem. 

14. If in a right triangle the hypotenuse is twice as 
long as one side, then one acute angle is 60° and the 
other 30**. 

Suggestion. Let D be the middle point of AB. 
Use Ex. 12 and the hypothesis to show that AACD is 
equilateral. 

Prove the converse by drawing CD so as to make Z BCD = ZB. 




it is con< 



10 !n. 



15. A stairway leading from a floor to one 12 feet above 
structed with steps 8 inches high and 10 inches 
wide. "What is the length of the carpet re- 
quired to cover the stairway, allowing 10 inches 
for the last step, which is on a level with the 
upper floor. 

16. A stairway inclined 45° to the horizon- 
tal leads to a floor 15 feet above the first. 
What is the length of the carpet required to 
cover it if each step is 10 inches high ? If each 
is 12 inches? If each is 9 inches? 



Can this problem be solved without know- 
ing the height of the steps? Is it necessary to 
know that the steps are of the same height? 



17. If the vertex angle of an isosceles triangle is 60°, show that 
it is equilateral. 

18. By successively constructing angles of 60° divide the perigon 
about a point into six equal angles. (This is possible because 
360 -5- 6 = 60.) With as a center construct a circle cutting the sides 
of these angles in points A, B, C, Z>, F, F, Draw the segments AB^ 
BC, etc. Show by Ex. 17 that each of the six triangles thus formed 
is equilateral. Show also that ABCDEF is equiangular and equi- 
lateral, that is, AB = BC, etc., and ^ ^BC = Z BCD, etc. 




66 PLANE GEOMETRY. 

POLYGONS. 

160. Definitions. A polygon is a figure formed by a 
series of segments, AB^ BCy CD^ etc., leading back to the 
starting point A. 

The segments are the sides of the polygon and the points 
Ay B, C, A etc., are its vertices. The angles -4, B, c, D, 
etc., are the angles of the polygon. 

B 

A ^ 






Equiangalar. Equilateral. Regular. 

A polygon is convex if no side when produced enters it. 
Otherwise it is concave. 

Only convex polygons are here considered. 

A polygon is equiangular if all its angles are equal and 
equilateral if all its sides are equal. 

A polygon is regular if it is both equiangular and equi- 
lateral. 

A segment connecting two non-adjacent vertices is a 
diagonal of the polygon. 

The perimeter of a polygon is the sum of its sides. 

181. Theorem. The sum of the angles of a polygon 
having n sides is (2 n — 4) right angles. 

Proof : Connect one vertex with each 
of the other non-adjacent vertices, thus yC^ ^\, 
forming a set of triangles. Evidently 
the sum of the angles of these triangles 
equals the sum of the angles of the 
polygon. 
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Now show that if the polygon has n sides there are 
(w — 2) triangles. The sum of the angles of one triangle 
is 2 rt. A, Hence, the sum of the angles of all the tri- 
angles, that is,. the sum of the angles of the polygon, is 

2(w-2)=:(2w-4) Tt.A. 

182. Theorem. The sum of the exterior angles of a 
polygon, formed by producing the sides in succession, is 
four right angles. 




OttUine of Proof : The sum of both exterior and interior 
angles is 2 w rt. A (Why?) 

The sura of the interior angles is (2 n — 4) rt. A, (Why ?) 
Hence, the sum of the exterior angles is 4 rt. A. (Why ?) 
Write out the proof in detail, using the figure. 

163. BZBRCISBS. 

1. What is the sum of the angles of a polygon of 3 sides? of 4 
sides? of 5 sides? of 6 sides? of 10 sides? of 18 sides? 

2. Find each angle of a regular polygon of 3 sides, 4 sides, 5 sides, 
6 sides, 8 sides, 14 sides, n sides. 

3. Construct a regular triangle, thus obtaining an angle of 60^ 

4. Construct a regular quadrilateral. What is its common name? 

5. Prove that a regular hexagon ABODE F may be constructed as 
follows : Let A be any point on a circle with center 0. With A as 
center and OA as radius describe arcs meeting the circle in B and in 
F, With B as center and the same radius describe an arc meeting 
the circle in C, and so for points to D and E. See § 159, £x. 18. 
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164. Two points A and A' are said to be symmetric 
points with respect to a line 2 if 2 is the per- 
pendicular bisector of the segment AA'. 

A figure is symmetric with respect to an 
axis I if for every point P in the figure 
there is also a point P' in the figure such 
that P and P' are symmetric points with 
respect to l. This is called axial symmetry. 
Two separate figures may have an axis of 
symmetry between them. 

185. Theorem. Two figures which are symmetric 
with respect to a line are congruent. 

Given two figures F and P' symmetric 
with respect to a line /. 

To Prove that f^f'. 

Proof: This is evident, since, by 
folding figure F over on the line I 
as an axis, every point in F will fall upon a corresponding 
point in f' (Why ?). 

188. Corollary. If points A and A^ 
and also B and B' are symmetric with re- 
spect to a line I, then the segments AB 
and A'B' are symmetric with respect to I. 




/ D \p 



^ 




PL Ai>' 




167. BXERCISBS. 

1. How many axes of symmetry has a square? A rectangle? A 
rhombus? An isosceles trapezoid? 

2. If a diagonal of a rectangle is an axis of symmetry, what kind 
of a rectangle is it? 
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3. If a triangle has an axis of symmetry, what kind of 
a triangle is it? Assume that the axis passes through 
one vertex. 

4. If a triangle has two axes of symmetry, what kind 
of a triangle is it ? 

5. How many axes of symmetry has an equilateral triangle? 

6. How many axes of symmetry has a 
regular i)entagon (five-sided figure) ? 

7. How many axes of symmetry has a 
regular hexagon ? 

8. Show that one figure of § 40 has an 
axis of symmetry. State this as a theorem. 

188. Problem. Given a polygon P and a line I not 
meeting it, to construct a polygon P' siLch that P and 
P' shxill be symmetric with respect to I. 






Solution. Let A, B, C, D, B be the vertices of the given 
polygon Pf and / the given line. 

• Construct a\ ij', c/, j/, if symmetric respectively to A^ 
B^ C, D, E with respect to the line I. 

Then the polygon P' formed by joining the points A\ 
B\ c/, d', ^, a' in succession is symmetric to P. 

Proof : Give the proof in full. 

Figures having an axis of symmetry are very common 
in all kinds of decoration and architectural construction. 
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189. Two points A and A^ are symmetric with respect 
to a point O if the segment AA' is bisected by O. 

A figure is symmetric with respect to a 
point O if for every point P of the figure ' 

there is a point P' also in the figure such that P and P' 
are symmetric with respect to O. 

Such a figure is said to have central sym- 
metry with respect to the point. The point /\;^--.A'' 
is called the center of symmetry. A circle 
has central symmetry. 

Two separate figures may have a center of symmetry 
between them. 





170. 



BXERCISBS. 



1. Prove that if A and A' and also B and B^ are symmetric with 
respect to a point 0, tlien the segments AB and A'B' are symmetric 
with respect to 0. 

2. Prove that if the triangles ABC and A'B'C are symmetric with 
respect to a point 0, then they are congruent. 

171. Pboblem. Given a polygon P and a point 
outside of it, to construct a polygon P^ symmetric to P 
with respect to 0. 




Solution. Construct points symmetric to the vertices 
of P. Connect these points, forming the polygon p', and 
prove this is the polygon sought. 
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172. Theobem. // a figure has two axes of symmetry 
at right angles to each other , their "point of intersection 
is a center of symmetry of the figure. 

Outline of Proof : It is to be shown that for every point 
P in the figure, a point p" also in the figure can be found 
such that PO=P^'o and POP^^ is a 
straight line. Draw PP' J- Z, p'p" 
± Vj pffpf" ± I and connect the 
points P"' and P. 

Now use the hypothesis that ILI\ — 
and each an axis of symmetry, to 
show that ppfpffp'ff is a rectangle 
of which DD^^ and d'd'^' are the 
diameters. Hence O, the inter- 
section of Dl/' and D^d"\ bisects the diagonal PP*\ making 
p" symmetric to P with respect to o, § 147, Ex. 2. Give 
the proof in full. 

173. BXBRCISBS. 

1. Has a square a center of symmetry? has a rectangle? 

2. If a parallelogram has a center of symmetry, does it follow that 
it is a rectangle ? 

3. Has a trapezoid a center of symmetry? has an isosceles 
trapezoid ? 

4. If two non-parallel straight lines are symmetric with respect 
to a line /, show that they meet this line in the same point and make 
equal angles with it. (Any point on the axis of symmetry is regarded 
as being symmetric to itself with respect to the axis.) 

5. If segments AB and ^'J5' are symmetric with respect to a point 
O, they are equal and parallel. 

6. Has a regular pentagon a center of symmetry ? See figure of 
Ex. 6, § 167. 

7. Has a regular hexagon a center'of symmetry ? Ex. 7, § 167. 

8. Has an equilateral triangle a center of symmetry? 
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METHODS OF ATTACK. 

174i No general rule can be given for proving theorems 
or for solving problems. 

In the ease of theorems the following suggestions may 
be helpful. 

(1) Distinguish carefully the items of the hypothesis and 
of the conclusion. 

It is best to tabulate these as suggested in § 79. 

(2) Construct toith care the figure described in the hy- 
pothesis. 

The figure should be as general as the terms of the hypothesis per- 
mit. Thus if a triangle is called for but no special triangle is men- 
tioned, then a scalene triangle should be drawn. Otherwise some 
particular form or appearance of the figure may lead to unwarranted 
conclusions. 

(3) Study the hypothesis with care and determine whether 
any auxiliary lines may assist in deducing the properties 
required by the conclusion. 

Study the theorems previously proved in this respect. A careful 
review of these proofs will lead to some insight as to how they were 
evolved. 

175. Direct Proof. The majority of theorems are proved 
by passing directly from the hypothesis to the conclusion 
by a series of logical steps. This is called direct proof. 

It is often helpful in discovering a direct proof to trace 
it backward from the conclusion. 

Thus, we may observe that the conclusion C follows if statement 
B is true, and that B follows if A is true. If then we can show that A 
is true, it follows that B and C are true and the theorem is proved. 

Having thus discovered a proof, we may then start from 
the beginning and follow it directly through. 
As an example consider the following theorem: 
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The segments connecting the middle points of the opposite 
sides of any quadrilateral bisect -p 

each other. 

Given segments AB and CD connect- 
ing the middle points of the quadrilat- 
eral PQRS. 

To prove that AB and CD bisect each other. 

Proof: Draw the diagonals Pi2 and SQ and the segments AD, DB, 

BCy CA. 

Now AB and CD bisect each other if ADBC is aO, and ADBC is 
B,CJiiAD II CB and AC II DB, 

But ADWCB since each is II SQ, See § 151. 

And ACWDB since each is II PR, 

Hence ADBC is aO and AB and CD bisect each other. 

Notice that the auxiliary lines PR and SQ divide the 
figure into triangles and this suggests the use of § 151. 

176. Indirect Proof. In case a direct proof is not easily 
found, it is often possible to make a* proof by assuming 
that the theorem is not true and showing that this leads to 
a conclusion known to be false. 

As an example consider the follow- 
ing theorem : 

A convex polygon cannot have more 
than three acute angles. 

Proof: Assume that such a polygon 
may have four acute angles, as Zl, Z2, Z3, Z4. 

Extend the sides forming the exterior angles 5, 6, 7, 8. 

Since Z 1 + Z5 = 2 rt. ^, Z2 + Z 6 = 2 rt. ^, etc., and since Zl, 
Z2, Z 3, Z 4 are all acute by hypothesis, it follows that Z 5, Z 6, Z 7, Z8 
are all obtuse, and hence Z5 + Z6 + Z7+Z8>4rt. ^i. 

But this cannot he true since the sum of all the exterior angles is 
exactly 4 rt. ^ by § 162. 

Hence the assumption that Zl, Z2, Z3, Z4 are all acute is false. 
That is, a convex polygon cannot have more than three acute angles. 
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The proof by the method of exdusion (§ 86) involves 
the indirect process in showing that all but one of the pos- 
sible suppositions is false. 

177. The solution of a problem often involves the same 
kind of analysis as that suggested for the discovery of a 
direct proof (§ 175). 

For instance, consider the following problem : 

To draw a line parallel to the base of a triangle such that 
the segment included between the sides shall equal the sum of 
the segments of the sides between the parallel and the base. 

Given the A ABC. 

To find a point P through which to draw DE ]]AB 
so that DP+ PE = AD + EB. 

Constmction. Draw the bisectors oi AA and B 
meeting in point P. 

Then P is the point required. 

Proof: Z1 = Z3 since D^IMiJ, and Zl = Z2 since BP bisects Z 5. 

.-. Z3 = A2 and PE = BE. (Why?) 

Likewise in A ^ 2>P, ^ /> = 2>P. 

Hence DP-\- PE = AD-\- BE, (Ax. V.) 

Or DEz^AD-\- BE, 

This construction is discovered by observing that a point P must be 
found such that PE = BE and PD = AD. This will be true if 
Z 8 = Z 2 and this follows if Z 1 = Z 2, while at the same time Z6 = Z5 
and Z 4 = Z 5. Hence the bisectors of the base angles will determine 
the point P. 

Having thus discovered the process, the construction and proof are 
made directly. 

178. In general the most eifective help is a ready knowl- 
edge of the facts of geometry already discovered., and skill 
in applying these will come with practice. It is important 
for this purpose that summaries like the following be made 
by the student and memorized: 
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179. (a) Two triangles are congruent if they have: 

(1) !Pwo sides and the included angle of the one equal to 
the corresponding parts of the other. 

(2) Two angles and the included side of the one equal to 
the corresponding parts of the other. 

(3) Three sides of the one equal respectively to three sides 
of the other. 

In the case of right triangles : 

(4) The hypotenuse and one side of one equal to the corre- 
sponding parts of the other. 

(6) Two segments are proved equal if: 

(1) They are homologous sides of congruent triangles. 

(^2) They are legs of an isosceles triangle. 

(3) They are opposite sides of a parallelogram* 

(4) They are radii of the same circle. 

SUMMARY OF CHAPTER I. 

1. Make a summary of ways in which two angles may be shown to 
be equal. « 

2. Make a summary of ways in which lines are proved parallel. 

3. What conditions are sufficient to prove that a quadrilateral is a 
parallelogram ? 

4. Make a list of problems of construction thus far given. 

5. Make a list of definitions thus far given. Which of the figures 
defined are found on page 4 ? 

6. Tabulate all theorems on 

(a) bisectors of angles and segments, 

(b) perpendicular lines, 

(c) polygons in general, 

(d) symmetry. 

7. What are some of the more important applications thus far 
given of the theorems in Chapter I ? 
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PROBLEMS AKD APPLICATIONS. 

1. Divide each side of an equilateral triangle 
into three equal parts (§ 159, 5), and draw lines 
through the divlBion points aa shown in the figure. 

Prove (a) The six small triangles are equilateral 
and congruent to each other, (First prove them 
equiangular.) 

(b) The two lai^e triangles are congruent. 

(c) The inner figure is a regular hex^on. 

3. Let f| and U be parallel lines, with AE per- 
pendicular to both. Lay off segments AB, BC, 
CD, ... and EF, FG, GH, . . . each equal to 
AE. Connect these points as shown in the figure. 



TUe Floor Border. Parqnst Floor Border. 

Prxjve (a) EKA , EFK, A KB,BLC, etc, are congruent right isosceles 
triangles. 

(6) FLBK, etc., are squares. 

Bisect AB, BC, . . . EF, FG . . . and join points by lines parallel 
to EB and j4F respectively. Notice that the resulting figure forms 
the basis for the floor border to the right. 

3. Let /, h be parallel lines, with MN perpendicular to both. 
Through F, the middle point of MN, draw lines KE and AG, each 
making an angle of 30° with MN. 



Parquet Floor Border. 
Prove FE = ^ F by showing A A NF ^ A FEM. 
Also prove KF = FG and that A FKA and FEG are equilateraL 
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Lay off segments AB, SO, ED, DP, KJ, etc., each equal to AK. 
Connect points as shown in the figure. 

Prove A BCO 3t A CPZ) ^ A ^ Fif, etc. 

Prove that ABCDEF and JKFGHl are regular hexagons. 

4. A network of congruent equilateral tri- 
angles is constructed in a rectangle ABCD as 
shown in the figure. 

(a) How many of these triangles meet in & 
common vert«x? 

(6) Does this number of equilateral tiiai^leB 
exactly cover the whole plane about the vertices? 
Why? 

(c) Do the triangles that meet in one point 
form a regular hexagon ? 

(d) At what ai^le to the horizontal lines 
are the oblique lines that form sidea of the 
triangles ? e.g. what is the angle DCK ? 

(e) Compare the lengths of CK and AK 

(see § 15B, Ei. 14). Tile Flooring. 

To construct this network when a side a of 
the triangles is given, proceed as follows : From the vertex ^ of a 
right angle lay off segments equal to a along one side AK. With one 
of these division points K as center and with a radius equal to twice 
AK strike an arc meeting the side ^C at C. Draw CD parallel to 
AB and lay ofE s^ments on it equal to a. Connect these points as 
shown in the figure, and through the intersection points draw the 
horizontal lines, thus fixing the division points on AC exiA BD. 

Prove that the resulting triangles are equilateral and congruent to 
each other. 

SuoaKSTioN. Use in order the converse of g 159, Ex. 14 ; §144, and 
the fact that a diagonal divides a parallelogram into two congruent 
triangles. 

Notice how this construction is studied. The figure is first sup- 
posed constructed and ita properties tabulated. Some of these (c) and 
(d) are then, used in making the construction. This method is of 
very general application in problems of construction. 

Note. This is the method by which a deugner would construct a 
network of congruent regular triangles. 
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5. Construct a network of triangles as in Es. 4, using pencil and 
tlieu ink in parts of the lines, making & set of regular hexagons as 
stiown in the figure. 

How many such hexagons meet in a point? Will this number 
exactly cover the plane about the point? Why? 





6. Point out how the figure uonatructed under Ex. 5 may be made 
the basis for the two tile floor patterns here giVen. 

7. Given a rhombus whose acute 
angles are 60°. Show how tocut off two 
triangles so the resulting figure shall be 
a regular heiagon. What fraction of 
the whole rhombus is thus cut off? 
What fraction of the pattern is black? Tile Flooriug. 

8. In a parallelogram, prove ; 

(a) The diameters divide it into four congruent parallelograms. 

(b) The segments joining the midpoints of the sides in order form 
a parallelogram, and the four triangles thus cut off may be pieced 
together to form another parallelogram congruent to the one first 
formed. 

(c) The diameters and diagonals all meet in 

StTQGESTioN. Prove that a diameter bisects | 
a diagonal. Do these propositions hold for s 
square? What part of each of the three large 
squares in the adjoining figure is white? 

9. The octagons (eight-aided polygons) 
in the figure are equiangular and the small 
quadrilaterals are squares. 

Find the angles of the irregular hexagons. 
If the octagons were regular, would the 
hexagons be equiangular? equilateral? reg- 
ular? 
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10. In the figure the oct^ons are equi- 
angular. 

(a) Will two such octagona and a square 
completely cover the plane about a point ? Why ? 

(b) At what angles do tlie Blanting sides of 
the oct^ons meet the horizontal line? 

Find all the angles o£ the two small white ^j^ Pattern 

trapezoids to the right. 

(c) Could a pattern of this type be constructed by usiug r^ular 
octagons ? 

11. Equilateral triangles and regular hex^^tna have thnsfar beea 
found to make a complete pavement. What other r^(ular polygons 
can be used to make a camplet« pavement? 

12. If three regular pentagons (five-aided polygons) meet in a 
common vertei, wOl they completely cover the plane about that 
point? If not^ by how great an angle will they fail to do so? 

13. If four regular pentagons be placed about a point, by how 
great an angle will they overlap? 

14. If three regular seven-sided polygons are placed about a point, 
by how great an angle will they overlap? If two, by how many 
degrees will they fail to cover the plane? 

In Exs. 13, 13, 14 it is understood that, so far as possible, the poly* 
gons are so placed that no part of one of them lies within another; 
that is, they are not to overlap. 

15. Answer questions like those in Ex. 14 for regular polygons of 
8, n, and 10 sides. Can any regular polygon of more than six sides be 
used to form a complet« pavement? 

Note that the larger the number of sides of a regular polygon the 
latter is each angle. 

16. A carpenter divides a board into strips of equal width as fol- 
lows: Suppose five strips are desired. Place a steel square in two 
positions, as indicated in the figure, at such 
aisles that the distance in inches diagonally 
across the board shall be some multiple of f 
(in the figure this distance is 15 inches). Mark ^ "^ 
the points and connect them as showti in the figure. Prove that these 
lines divide the board into equal strips. 



80 



PLANE GEOMETBT. 




^ 


y^r^ 


^ 


\Z\. 


\ 




Fv 


7 




v( 



(The black and white figuras oa this page are parquet floor patterns.) ' 

17. Giyen an isosceles right triangle ABC with the altitude CO 
upon the hypotenuse. 

(a) Show how to draw xyWAC sach tbat xy = Cy. 

Suggestion. Bisect Z OCA and let the bisector 
meet AB inx. 

Draw xy II A C. Prove AxyC isosceles. 
(6) Prove xyCA an isosceles trapezoid, 
(c) Draw yz II OB and prove yz = yx. 

Suggestion. Prove A Cyz isosceles. 

(//) Prove that xyCA and x^zB are congruent 
trapezoids. 

18. ABCD is a square. Lines are drawn as shown 
in the figure so that Zl = i^2 = i^3 = i^4. 

(a) Prove A ABy ^ A jBCz ^ A CDtc ^ADAx. 

(b) Prove each of these triangles a right triangle. 

(c) Prove that xyzw is a square. 

(d) If Z 1 = 45°, what can be said of the figure 
xyzw*l 

This and the following design are of Arabic 
origin. 

19. On the sides of a square ABCD the points J5, F, G, H are laid 
off so that AE = BF= CG = DH. Ax and zC, By and wD are in the 
diagonals of the square and Ey, Fz, Gw, and Hx are parallel to these. 

D O C 

H 
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A E 
Prove that : 

(a) AxH, EyBj etc., are congruent right isosceles triangles. 

(b) A Eyx, BFzyj etc., are congruent parallelograms. 

(c) xyzw is a square. 

(d) It AB = a, find how long A E should be taken in order that xy 
shall equal EB ; also equal to one half EB. 
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20. ABCD is a square, AE = BF=CG = DH and AG, CE, BH, 
and DF are drawn as shown in the figure. 

Prove that : o g _g 

(a) AGWECunABHWFD. 

(b) Triangles HwA, ExB, etc., are 

congruent. 
(e) The four trapezoids A Exw, etc., 

are congnient. 
(d) xyzw is a square. 
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Parquet Flooring. 

21. In the square ABCD, AFsAO = HB = BK, etc., and the 
figure is completed as shown. 

(a) Pick out aU isosceles triangles. Prove. 
(6) Pick out all congruent triangles. Prove, 
(c) Has this figure one or more axes of symmetry? 




LlDoleoiD Pstlera. 
22. On the sides of the square ABCD points E, F, G, H, . . . 
are taken, so that AE = AF = GB = BH = etc. 

The middle points of EF, GH, KL and MN are connected, form- 
ing the quadrilateral PRST. 
Prove that ; 

(a) ^ C is the perpendicuhir bisector of EF and KL, 
(6) FGRP is an isosceles trapezoid. 

(c) PRT and RST are congruent right triangles. 

(d) P/fSrisasquare. 
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23. On the sides of a square A BCD points G, H^ 
E, Fy P, etc., are taken, so that GA = AH = EB 
-BF = PC, etc. On the diagonals AC and BD 
points Ky L, My Ny are laid off so that OK = OL 
zzOM= ON, 

(a) Prove that GA^iV = JBJjBF/ir, etc. 

(6) Yro\%tYi9X.HEKON=FPLOK. 

SuooESTiON. Superpose one figure on the 
other. 




24. The bisectors of the angles of a rhomboid 
form a rectangle; those of a rectangle form a 
square. 




Parquet Flooring. 



25. In the figure ABCDEF is a regular hex- j^ 
agon. ABHGy BCLK, etc., are squares. 

(a) What kind of triangles are BHKy CLM, ^ 
etc. ? Prove. 

(b) Is the dodecagon (twelve-sided polygon) 
HKLMN . . . regular ? Prove. 

(c) How many axes of symmetry has this 
dodecagon ? 

(d) Has it a center of symmetry ? 

(c) Are the points 5>, F, By K collinear ? (That 
is, do they lie in the same straight line?) 
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Tile Pattern. 



26. If from any two points P and Q in the base of an 
isosceles triangle parallels to the other sides are drawn, 
two parallelograms are formed whose perimeters are 
equal. 

27. The middle point of the hypotenuse of a right tri- 
angle is equidistant from the three vertices. (This is a very 
important theorem.) 

28. State and prove the converse of the theorem in Ex. 27. 
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29. The bisectors of the four interior angles 
formed by a transversal cutting two parallel lines 
form a rectangle. 



30. The sum of the perpendiculars from a point in 
the base of an isosceles triangle to the sides is equal to 
the altitude from the vertex of either base angle on the 
side opposite. 

31. Find the locus of the middle points of all seg- 
ments joining the center of a parallelogram to points on 
the sides. (See § 159, Ex. 8.) 

32. In the parallelogram A BCD points E and F are 
the middle points oi AB and CD respectively. Show 
that AF and CE divide BD into three equal segments 

33. The sum of the perpendiculars to the sides of an 
equilateral triangle from a point P within is the same 
for all such points P (t.«., the sum is a constant). 

Suggestion. Prove the sum equal to an altitude of 
the triangle. 

34. In any triangle the sum of two sides is greater 
than twice the median on the third side. 
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35. A BCD is a square, and EFGII a rec- 
tangle. Does it foDow that /^AEH ^ A FCG and 
AEBF^AHDG^ Prove. -H 



A E B 

36. If a median of a triangle is equal to half the base, ihe vertex 
angle is a right angle. 

37. State and prove the converse of the theorem in £x. 36. 
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180. A circle (§ 12) divides the plane into 
two parts such that any point which does not 
lie on the circle lies mthin it or outside it. 

181. A line-segment joining any two points 
on a circle is called a chord. A chord 
which passes through the center is a 
diameter. 

182. If a chord is extended in one or 
both directions, it cuts the circle and is 
called a secant. 

183. A tangent is a straight line which touches a circle 
in one point but does not cut it. An 
indefinite straight line through a point 
outside a circle is a secant, a tangent, 
or does not meet the circle. 

184. The portion of a circle included 
between any two of its points is called 
an arc (§ 12). An arc AB is denoted 
by the symbol AB. 

A circle is divided into two arcs by any 
two of its points. If these arcs are equal, 
each is a semicircle. Otherwise one is called 
the major arc and the other the minor arc. 

Unless otherwise indicated A B means the minor 
arc. In case of ambiguity a third letter may be used, as arc AmB, 
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An arc is said to be subtended by the .«a.«1.^ 

chord which joins its end-points. Evi- 
dently every chord of a circle subtends two 
arcs. Unless otherwise indicated the arc 
subtended by a chord means the minor arc. 

186. An angle formed by two radii is 
called a central angle* An angle formed 
by two chords drawn from the same point 
on the circle is called an Inscribed angle. 

If the sides of an angle meet a circle the 
arc or arcs which lie within the angle are 
called intercepted arcs. 

If the vertex of the angle is within or on 
the circle there is only one intercepted arc ; 
if it is outside the circle there are two inter- 
cepted arcs, as AB and CD in the figure. 

188. If a circle is partly inside and 
partly outside another circle, then they cut 
each other. 

If two circles meet in one and only one 
point, they are said to be tangent. 

Arcs of two circles are tangent to each other if 
the complete circles of which they form a part are 
tangent to each other. 

187. Two circles which can be made to coincide are said 
to be equal. 

The word congruent is unnecessary here, since all circles are similar, 

188. BXBRCISBS. 

1. Does the word circle as used in this book (§ 12) mean a curved 
line or the part of the plane inclosed by that line ? 

2. In how many points can a straight line cut a circle ? 

3. In how many points can two circles cut each other ? 
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PRELnmffARY THEOREMS ON THE CIRCLE. 

189. Radii or diameters of the same circle or of equal 
circles are equal. 

190. // the radii or diameters of two circles are equal, 
the circles are equal. 

191. A diameter of a circle is double the radius. 

192. A point lies vxiihin, outside, or on a circle, accord- 
ing as its distance from Hie center is less than, greater 
than, or equal to the radium. 

193. // an unlimited straight line contains a point 
within a circle, then it cuts the circle in two points. 

194. // two circles intersect once, they intersect again. 
See figure, § 186. 

196. // a straight line is tangent to each 
of two circles ai the same point, then the 
circles do not intersect, biU are tangent to 
each other at this point. See § 186. 

196. // two arcs of the same circle or equal circles can 
he so placed that their end-points coincide and also their 
centers, then the arcs coincide throughout or else form 
a complete circle. 

197' // in two circles an arc of one can be made to 
coincide with an arc of the other, the circles are equal. 

198. A circle is conveniently referred to by indicating 
its center and radius. 

Thus, O OA means the circle whose center is O and radius OA, 
When no ambiguity arises, the letter at the center alone may be 
used to denote the circle. Thusi O C means the circle whose center is C. 
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199. Theorem. In the same circle or in equal circles 
equal central angles intercept equal arcs. 





Given the equal circles C and Cf and Z C= Z C- 

To prove that AB =3 .^. 

Proof : Place O C on O c' so that C falls on c^ and 
Z. c coincides with Z cf. 

Then A falls on A' and B on Bf. (§ 189) 

Hence i3 = i^S>. (§ 196) 

aoo. Theorem. In the same circle or in equal circles 
equal arcs are intercepted by equal central angles. 

Given O C= O CT, AB=A^. (See figure, § 199.) 
To prove that Zc^Zd . 

Proof : Since AB =3 a^b^ the equal circles can be made to 
coincide in such manner that the arcs will also coincide. 

That is, A will fall on -4^ B on b\ and C on Cf . Hence 
Z C coincides with Z cf. 

201. BXBRCI8B8. 

1. Show that in the same circle or in equal circles equal arcs 
subtend equal chords, and conversely. 

2. Can two intersecting circles have the same center ? 

3. From a point on a circle construct two equal chords. 

4/ Show that the bisector of the angle formed by the chords in 
Ex. 3 passes through the center of the circle. 
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202. Measurement of Angles. If the perigon at the cen* 
ter of a circle be divided by radii into 360 equal angles, 
these radii will divide the circle into 360 equal arcs accord- 
ing to the theorem, § 199. Hence, we speak of an arc 
of 1®, 2% 3®, etc., and similarly for minutes and seconds. 

For this reason a central angle is said to be measured hy 
the are which it intercepts^ meaning that a given central 
angle contains a number of unit angles equal to the number 
of unit arcs in the intercepted arc. 

203. Definitions. A quadrant is an arc of 90^. 

A semicircle is an arc of 180*^. A right angle is, there- 
fore, measured by a quadrant and a straight angle is meas- 
ured by a semicircle, 

A sector is a figure formed by two /^ ^^ 

radii and their intercepted arc. 

Thus, the sector BCA is formed by the radii 
C5,Ci4, and ^. 

204. BXBRCISBS. 

1. Show how to bisect an arc, using §§ 48, 199. 

Divide an arc into four equal parts. Into eight equal parts. 

2. Show that in the same circle or in equal circles two sectors hav- 
ing equal angles are congruent. 

3. Show that if two sectors in the same circle or in equal circles 
have equal arcs, the sectors are congruent. 

4. How many degrees in the arc which measures a right angle? 
a straight angle? half a right angle? three fourths of a straight an- 
gle? two thirds of a right angle? two thirds of a straight angle? 

5. Show that the diameter is the longest chord of a circle. 

6. Show that the two arcs into which the extremities of a diameter 
divide a circle are equal ; that is, each is a semicircle. 

Suggestion. Fold the figure over on the diameter. 

7. Show that by bisecting the angles between two perpendicular 
diameters, a circle is divided into eight equal parts. 
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206. Theorem. A diameter perpendicular to a chord 
bisects the chord and also its subtended arc. 




Given the diameter EF±ABAt D. 

To prove that AD = DB and ^ = BF. 
Proof : Draw the radii CA and CB. 
If it can be shown that A ACD ^ A BCD, then 
(1) AD= BD (Why?), and (2) Zacd=Zbcd (Why?); 

(3) i>=i> (Why?). 

206. Theorem. A line perpendicular to a radius at 
its extremity is tangent to the circle. 




Given AB±CDat D. 

To prove that AB is tangent to the circle ; that is, does 
not meet it in any other point than D. 

Proof : Let E be any point of AB other than D. 

Draw segment CE. Then CE> CD (Why?). 

Hence E is outside the circle (§ 192). 

That is, every point of AB except D is outside the circle, 
and hence AB is tangent to the circle (§ 183). 
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2ffl, Theorem. // a line is tangent to a circle, it is 
perpendicular to the radius dravm to the point of tan- 
gency. 




K B 

Given O CD with a line AB tangent to the circle at Z>. 

To prove that AB ± CB at D. 

Proof: If CB is not J.J.JB, then some other line, as CE^ 
mustbeX J.JB (§ 67), thus making CE<CB (Why?). 

The point E would then lie within the circle (§ 192), and 
the line AB would meet the circle in two points (§ 193). 

But this contradicts the hypothesis that AB is tangent 
to the circle. 

Hence no other line than CB can be perpendicular to AB 
from C, and as one such line exists, it must be CB, 

208. BXBRCISBS. 

1. What type of proof is used in the preceding paragraph ? 

2. How are the two theorems immediately preceding related to 
each other. 

3. Show that there is only one tangent to a circle at a given point 
on it, and that the perpendicular from the center upon the tangent 
meets it at the point of contact. 

4. A perpendicular to a tangent at the point of tan gency passes 
through the center of the circle. 

5. The perpendicular bisector of any chord passes through the 
center of the circle. 

6. Two tangents at the extremities of a diameter are parallel. 

7. A diameter bisects all chords parallel to the tangents at its 
extremities, and also bisects the central angle subtended by each chord. 
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8. A diameter bisecting a chord (or its subtended arc) is perpendicular 
to the chord. 

9. The mid-points of parallel chords all lie on a diameter. 

10. A tangent to a circle at the mid-point of any arc is parallel to 
the chord of the arc. 

209. Theorem. // two circles meet on the line joining 

m 

their centers, they are tangent to each other at this point. 





Given (D CB and CJB meeting in a point B on tlie Ibe (?C. 
To prove that (D CB and ds are tangent to each other 
at B. 

Proof: (1) When each circle is otdside the other. 

Let D be ant/ point on O cfB other than B. 

Draw CD and c'd. 

Then CD + &D > CB + cfB. (Why ?) 

But c'b =s dD, 

.-. CD > CB. (Ax. IX, § 119) 

.'. D is outside of O CB. 

(2) When O CB is inside of O &B. 

Let D be ant/ point on O CB other than B. 

Draw CD and C^D. 

Then c'c -f CD > c'd. (Why ?) 

But &C+ CD=^ &C+ CB=^ c'b. (Why ?) 

.-. &B > &D. (Ax. VII, § 82) 

.*. D is within O &B. 

Therefore O C^B and O CB have only one point in com- 
mon and hence are tangent to each other (§ 186). 
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PROBLEMS AHD APPLICATIOHS. 

1. If the distance between the centers of two circles is equal to the 
sum of their radii, how are the circles related ? Construct and prove. 

2. If the distance between the centers of two circles is equal to the 
difference of their radii, how are the circles related ? Construct and 
prove? 

3. If the distance from the center of a circle to a straight line is 
equal to the radius, how is the line related to the circle ? Construct 
and prove. 

4. Given two circles having the same center, construct a circle 
tangent to each of them. Can more than one such circle be con- 
structed? What is the locus of the centers of all such circles? 

5. Prove the converse of the theorem in § 209. 

6. The straight line joining the centers of two intersecting circles 
bisects their common chord at right angles. 

7. A line tangent to each of two equal 
circles is either parallel to the segment join- 
ing their centers or else it bisects this seg- 
ment. 




8. In the figure AD = DB. Semicircles 
are constructed on AD^ DB, and AB as di- 
ameters. Which semicircles are tangent to 
each other? 





9. In the figure A, B, C, D are the vertices of a 
square. Show how to construct the entire figure. 
What semicircles are tangent to each other ? 



This construction occurs frequently in 
designs for tile flooring. See accompanying 
figure. This is from a Roman mosaic. 



^^^ 



^ ^ tA.. 



:j. --.v.v.v 
1^ ^ ^^ 
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10. Given two parallel lines BE and AD, to 
Btrnct area yrhich ahalt be tangent to each other and |' 
one of which shall be tangent to BE at B and the 
other tangent to AD at A. 

Solution. Draw AB and bisect tbia aegment at 
C; construct ± bisectors of JC and BC. From A 
and B draw .& to AD and BE reapectivel}', thus 
locating the points and (y. 

Prove that and 0' aie the centers of the required 
arcs. 

SuaoESTiON. Show that 0, C, and 0' lie in a 
straight line and use the theorem of § 209. 

This construction occurs in archi- 
tectural designs and in many otlier 
applications. In the accompanying 
designs pick out all the arcs that ^•t- 
are tangent to each other and also 
the points of tangency. g^„,l ^^^ 

U. On the aides of the equilateral triangle ABC as diameters, 
semicircles are drawn, aa AEFB. Also with A, B, C aa centers and 
AB as radius arcs are drawn, 
as^,^. 

(a) Prove that the arcs 
AEFB, BDEC, and CFDA 
meet in pairs at the middle 
points D, E, F of the sides of 
the triangle. 

SuQGESTtON. If the mid- 
dle points of the sides of an 
tiquilateral triangle are joined, 
what kind of triangles are formed? 

(b) Whai arcs in this figure are tangent to each other? 
(e) ' Has the figure one or more axes of symmetry 'I 

This figure and the two following occur frequently in 
church windows and other decorative designs. 




Fonrth PTesbytetlao Chnrch, Chlctigo. 
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12. Construct the desigpi shown in the figure. 

SuoGESTiOK. Divide the diameter AB into six equal parts and 
construct the three semicircles. 

On DC and DC as bases construct equilateral 
triangles with vertices and O'. 

With radius equal to CB and centers and 
a construct circles. i:" c' D c B 

(a) Prove that O is tangent to each of the three semicircles. 
Likewise O 0'. 

(6) Erect a ± to i45 at D and prove ® O and 0' tangent to it. 

(c) Prove circles with centers at and O' tangent to each other. 

{d) Has this figure one or more axes of symmetry ? 

13. In the figure AB, CD and OD are bisected, and aO" li AB 
through^. Da-DO" = \DB. Circles are 
constructed as shown in the figure. 

(a) If il£ is 4 feet, what is the radius of 
each circle ? 

(6) Prove that O is tangent to O O' and 
also to 0". 

SuooESTiON. Show that 0(7 is the sum of the radii of the two 
circles. 

(c) Is QXy tangent to the arc ACB and also to the line ABf 

(d) Has this figure one or more axes of symmetry ? 

14. A BCD is a square. Arcs are constructed with A, B, C, D &a 
centers and with radii each equal to one half the side of the square 
The lines AC, BD, MN, and RS are 

drawn, and the points E, F, G, H are 
connected as shown in the figure. 

The arc SN is extended to P, forming 
a semicircle. The line LP meets SN in 
K, and BK meets MN in a. 

(a) Prove that EFGH is a square. 

\h) Prove that ^ KLO' and KPB are 
mutually equiangular and each isoseeles. 

(c) Prove that O QK is tangent to FG and to SN. 

(jd) How many axes of symmetry has the figure inside the square ? 

(je) Show that O'K is tangent to RN by drawing (yC and fold- 
ing the figure over on the axis of symmetry MN. 
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210. Theorem. An angle inscribed in a circle is 
measured by one half the intercepted arc. 




Given Z DBA inscribed in O CR 

To prove that Z. DBA is measured by J AD. 

Proof : (1) ff one side^ as BD^ is a diameter. 
Draw the radius CA. Show that Z 2 = ^ Z 1. 
But Z 1 is measured by AD (§ 202). 
Hence Z 2 is measured by ^ ^D. 

(2) j?f the center C lies within the angle. 
Draw the diameter BE. 

Now Z DBA = Z 1 + Z 2. 
Complete the proof. 

(3) If the center C lies outside the angle. 

Draw BE and use the equation Z DBA = Z 1 — Z 2. 

211. It follows from § 210 that if in equal circles two 
inscribed angles intercept equal arcs, they are equal ; and 
conversely, that if equal angles are inscribed in equal 
circles, they intercept equal arcs. 

212. BXBRCISBS. 

1. If the sides of two angles BAD and BA'D pass through the 
points B and Z> on a circle, and if the vertex A is on the minor arc 
BD and ^' is on the major arc BDy find the sum of the two angles. 

2. In Ex. 1 if the points B and D remain fixed while the vertex A 
of the angle is made to move along the minor arc of .the circle, what 
can be said of the angle A ? What if it moves along the major arc? 
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213. Theorem. The locus of the vertices of all right 
triangles on a given hypotenuse is a circle whose diame- 
ter is the given hypotenuse. p' 

Otttline of Proof: Let ab be the 
given hypotenuse. 

(1) If P is any point on the circle 
whose diameter is AB^ Z APB = rt. Z. 
(Why ?) 

(2) If AP^B is any right triangle with AB as hypote- 
nuse, then AC^CB = CP'. (See Ex. 27, p. 82.) 

State the proof in full. 

214. PROBLEMS OH LOa. 

Find the following loci : 

1. The centers of all circles of fixed radios tangent to a fixed line. 

2. The centers of all circles tangent to two parallel lines. 

3. The centers of all circles tangent to both sides of an angle. 

4. The centers of all circles tangent to a given line at a given 
point. Is the given point a part of this locus ? 

5. The vertices of all triangles which have a 
common base and equal altitudes. 

6. The middle points of all chords through a 

fixed point on a circle. Use £x. 
8, § 208, and then § 213. 

7. The points of intersection 
of the diagonals of trapezoids 
formed by the sides of an isosceles triangle and lines 
parallel to its base. 

8. Two vertices of a triangle slide along two 
parallel lines. What is the locus of the third vertex if the triangle is 
fixed in size and shape? 

9. ABCD is a parallelogram all of whose sides are of fixed length. 
The side AB is fixed in position. Find the locus of the middle points 
of the remaining three sides. 
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10. Prove that in the same circle or in equal circles eqwd chords are 
equally distant from the center. 

SuGOESTiON. MB = ND, Why? Then prove 
A BMC ^ A CND. 

U. State and prove the converse of the theorem 
in the preceding exercise. (What parts of A BMC 
and CND are now known ?) 

12. Find the locos of the middle points of all 
chords of equal length in the same circle. 

• 13. Find the locus of the middle point of a segment AB oi fixed 
length which moves so that its end-points slide along the sides of a 
right angle. (Use £x. 27, p. 82.) 

14. Find the locus of the points of contact of two varying circles 
tangent to each other, and each tangent to a 
given line at a given point. 

Suggestion. A and B are the fixed points, I r\':wP-_ C 
and P one point of contact of the circles. Draw 
the common tangent PD. Prove AD = DP 
and DB = DP. 

Hence, D is the middle point of AB and DP is constant. That ifi^ 
the locus is a circle of which ^1^ is a diameter. 

15. Find the locus of the centers of all circles tangent to a fixed 
circle at a fixed point P. Is the fixed point P a part of this locus? 
Is the center of the fixed circle a part of it? 

16. Find the locus of the centers of all circles of the same radius 
which are tangent to a fixed circle. 

Under what conditions will this locus include the fixed circle itself? 
The center of this fixed circle ? 

Will the locus ever contain a circle within the fixed circle? 

Under what conditions will the locus consist 
of two circles, each outside the fixed circle? 

Under what condition does the locus consist 
of only one circle? 

17. In making core-boxes, pattern makers 
use a square as indicated in the figure to test 
whether or not the core is a true semicircle. Is 
this method correct? Prove. 
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215. Theorem. The arcs intercepted by two parallel 
chords or by a tangent and a chord parallel to it are 
equal. 



Given AB || DE and LK 11 MN. 

To prove that AD = be and LB = KB. 

Proof: (1) Draw chord DJB, 

Compare Z 1 and Z 2, and hence show 
that AD^BE. (Why ?) 

(2) Draw the radius CB to the point of tangency. 
Then CB ± MN and CB ± LK. (Why?) 

Prove A LC8 ^ A KC8, and hence that LB = BK. (§ 199) 

■ 

216. BXBRCISBS. 

1. Prove that a tangent at the vertex of an inscribed angle forms 
equal angles with the two sides, if these are equal chords. 

2. If the vertices of a quadrilateral lie on a circle, any two of its 
opposite angles are supplementary. 

3. If two chords of a circle are perpendicular to each other, find 
the sum of each pair of opposite arcs into which they divide the circle. 

4. If the vertices of a trapezoid lie on a circle, 
its diagonals are equal. 

5. Two circles intersect at C and D, Diame- 
ters CA and CB are drawn. Prove that A, D, B 
lie on a straight line. 

Suggestion. Prove that A ABC — Z. CDB = rt. Z. 
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217. Theorem. An angle farmed by two intersecting 
chords is measured by one half the s^um of the arcs inter- 
cepted by the angle itself and its vertical angle. 




Given Z 1 f onned by the chords AB and DE, 

To prove that Zl is measured by J (^AE+ bb). 

Proof : Through A draw the chord AF \\ EB. 

Compare Z 1 and Z 3. 

Compare 5^ and BF^ also AE + BB and BB + BF, 

How is Z 3 measured ? 

Hence, how is Z 1 measured ? 

218. BXBRCISBS. 

1. A chord ^B is divided into 
three equal parts, ACy CB, and 
DB. OAj OC, OB, and OB are 
drawn. Compare the angles AOC, 
COB, and BOB. 

2. The accompanying table 
refers to the figure in § 217. Fill 
out blank spaces. 

3. In a circle C with a diameter 
AB & chord ^ Z> is drawn, and a 
radius CE || A B, Prove that arcs 
BE and EB are equal. 

4. The vertices of a square ABCB all lie on a circle. E is any 
point on the arc AB, Prove that EC and EB divide the dJigXeAEB 
into three equal parts. 



Zl 


AE 


BD 


EB 


A^B 


35° 


40° 




80° 




48° 


50'^ 






216° 


40° 




50° 


60° 




60° 




54° 




190° 






45° 


90° 


180° 




34° 




108° 


164° 
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219. Theorem. An angle formed by a tangent and 
a chord drawn from the point of tangency is measured 
by one half the intercepted arc. 

Dy 




Given Z 1 formed by tangent BD and chord BA. 

To prove that Z 1 is measured by ^ BA. 

Proof : Draw a chord EF II BD intersecting BA in Q. 

Compare Z 1 and Z 2, also eb and BF. 

How is Z 2 measured ? 

Hence, how is Z 1 measured ? 

Give the proof in full. 

220. Definitions. A segment of a circle, or a circle-seg- 
ment, is a figure formed by a chord and the arc which it 
subtends. For each chord there are two 
circle-segments corresponding to the two 
arcs which it subtends. 

If a chord is a diameter the two circle- 
segments are equal. 

An angle is said to be inscribed in an arc if its vertex 
lies on the arc and its sides meet the arc in 
its end-points. 

Such an angle is also said to be inscribed ai 
in the circle-segment formed by the arc and 
its chord. 

E,g. jClis inscribed in the arc APB or in the segment APB. 
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221. 



BXBRCISBS. 





1. Show that an angle inscribed in a semicircle is a right angle. 

2. If the sides of a right angle pass through the extremities of a 
diameter, show that its vertex lies on the circle. 

3. If a triangular ruler J/iVO, right-angled at O, is moved about in 
the plane so that two fixed points, A and B, lie always 

on the sides MO and NO respectively, what path 
does the point trace? 

4. Draw two concentric circles, having different 
radii, and show that all chords of the outer circle 
which are tangent to the inner circle are equal. 

5. In an equilateral triangle construct three equal circles, each 
tangent to the two other circles and to two sides 
of the triangle. 

Suggestion. Construct the altitudes of the 
triangle and bisect angles as shown in the figure. 
Complete the construction and prove that the 
figure has the required properties. 

(a) Has the figure consisting of the triangle 
and the three circles one or more axes of symmetry ? 

(6) Has it a center of symmetry? 

6. Within a given circle construct three equal circles, each tangent 
to the other two and to the given circle. 

Suggestion. Trisect the circle at D, Ey 
and F by making angles at the center each 
equal to 120°. Draw tangents at D, E, and 
F, and prove that l^ABC\a equilateral. 

Construct the altitudes and prove that they 
meet the sides of the triangle at the points of 
tangency of the given circle with the sides of 
ABC, and also that they pass through the 
center of the given circle. 

Bisect angles as shown in the figure and prove that the centers of 
the required circles are thus obtained. 

(a) Has the figure consisting of the four circles one or more axes 
of symmetry ? 

(6) Has it a center of symmetry? 



C 

A 



\ 
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222. Theorem. The angle formed by two secants, 
two tangents, or a tangent and a secant, meeting outside 
a circle, is measured by one half the difference of (he 
intercepted arcs. 





Outline of Proof : In each case the given angle is equal 
to Z 1, and the arc which measures Z 1 is the difference 
between two arcs, one of which is the larger of the two 
intercepted arcs and the other is equal to the smaller. 
For instance, in the first figure, 

FH^DF^DHz=zDF-^ BE. 

Give the proof in detail for each figure. 

223. BXBRCISBS. 

1. If (in left figure, § 222) Z^ = 17° and ^ = 25^ find Dp. 

2. If Z^4 = 37® (irf middle figure), find the arcs into which the 
points B and E divide the circle. 

3. With a given radius construct a circle passing through a given 
point. How many such circles can be drawn ? What is the locus of 
the centers of all such circles ? 

4. • Draw a circle passing through two given fixed points. How 
many such circles are there ? What is the locus of the centers of all 
such circles? 

5. Construct a circle having a given radius and passing through 
two given points. How many such circles can be drawn? Is this 
construction ever impossible? Under what conditions is only one 
such circle possible ? 
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224. Problem. To construct a circle through three 
fixed points not all in the same straight line. 




Given three points Ay £, C not in the same straight line. 
To construct a circle passing through them. 

Construction. Let the student give the construction and 
proof in full. (See § 132.) 

225. Definition. The circle OA in § 224 is said to be 
circumscribed about the triangle ABC and the triangle is 
said to be inscribed in the circle. 

226. BXBRCISBS. 

1. In the construction of § 224 why do DM and EN meet ? 

2. Why cannot a circle be drawn through three points all lying in 
the same straight line ? Make a figure to illustrate this. 

3. Show that an angle inscribed in an arc is greater than or less 
than a right angle according as the arc in which it is inscribed is less 
than or greater than a semicircle. 

4. Prove that the bisectors of the angles of an equilateral triangle 
pass through the center of the circumscribed circle. 

5. Draw a circle tangent to two fixed lines. How many such 
circles are there? What is the locus of their centers? Is the point 
of intersection part of this locus ? Discuss fully. 

6. Show that not more than one circle can be drawn through three 
g^ven points, and hence that two circles which coincide in three 
points coincide throughout. 
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227. Problem. To construct a circle tangent to each 
of three lines, no two of which are paraUel and not all 
of which pass through the same point. 



Giyen the lines /i, /s, &• 

To construct a circle tangent to each of these lines. 

Construction. Since no two of the lines are ||, let 2| and 
I2 meet in A^ Zj and Z3 in B^ and Z3 and l^ in i>, where A^ By 
and D are distinct points. 

Draw the bisectors of Z -4 and Z B and let them meet 
in point C. 

Then C is the center of the required circle, (See § 131.) 
Give the proof in full. 

228. Definitions. The circle in the construction of § 227 
is said to be inscribed in the triangle ABD. 

Three or more lines which all pass through the same point 
are called concurrent. Hence the lines Z^, Z^, Z3 are not con- 
current. 

229. EXSRCISBS. 

1. Why is the construction of § 227 impossible if l^, hy and h are 
concurrent ? 

2. If two of the lines are parallel to each other, show that the con- 
struction is possible. How many tangent circles can be constructed 
in this case ? Draw a figure and give the construction and proof in 
full. 

3. Is the construction possible when all three lines are parallel? 
Why? 
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4. If two sides of the triangle are produced, as ^^ and ili> in the 
figure of §227, construct a circle tangent to the side BD and to the 
prolongations of the sides AB and AD. 

This is called an escribed circle of the triangle. 

5. How many circles can be constructed tangent to each of three 
straight lines if they are not concurrent and no two of them are 
parallel? 

6. Draw a triangle and construct its inscribed and circumscribed 
circles and its three escribed circles. 

230. Problem. From a given point oviside a circle 
to draw a tangent to the circle. 




Given O CA and an outside point P. 

Jo construct a tangent from P to the circle. 

Construction. Draw CP. On CP as a diameter con- 
struct a circle, cutting the given circle in the points 
A and B. 

Draw the lines PA and PB. 

Then PA and PB are both tangents. 

Give the proof. 

231. BXBRCISBS. 

1. If in the figure of § 230 the point P is made to move towards 
the circle along the line PC until it finally reaches the circle, while 
PA and PB remain tangent to the circle, describe the motion of the 
points A and B and also of the lines PA and PB, How does this 
agree with the fact that through a point on the circle there is only 
one tangent to the circle ? 
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2. Can a tangent be drawn to a circle from a point inside the 
circle? Why? 

3. Show that the line connecting a point outside a circle with the 
center bisects the angle formed by the tangents from that point. 

4. Why are not more than two tangents possible from a given 
point to a circle ? 

5. The two tangents which can be drawn to a circle from an ex- 
terior point are equal. 

6. In a right triangle the hypotenuse plus the diameter of the 
inscribed circle is equal to the sum of the two legs of the triangle. 

7. If an isosceles triangle inscribed in a circle has each of its base 
angles double the vertex angle, and if tangents to the circle are 
drawn through the vertices, find the angles of the resulting triangle. 

8. If the angles of a triangle ABC inscribed in a circle are 64^, 
72% and 44*^, find the angles of the triangle formed by the tangents to 
the circle at the points ^, ^, and C 

SUMMARY OF CHAPTER IL 

1. Make a list of all the definitions involving the circle. 

2. State the theorems on the measurement of angles by inter- 
cepted arcs. 

3. State the theorems involving equality of chords, central 
angles, and intercepted arcs. 

4. State the theorems on the tangency of straight lines and 
circles. 

5. State the theorems involving the tangency of two circles. 

6. Make a list, to supplement that in the summary of Chapter I, 
of ways in which two angles or two line-segments may be proi^d equal. 

7. State the ways in which two arcs of the same or equal circles 
may be proved equal. 

8. State the problems of construction given in Chapter II. 

9. Explain what is meant by saying that a central angle is meas- 
ured by its intercepted arc. 

10. State some of the important applications of Chapter IL 
(Return to this question after studying those which follow.) 
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PROBLEHS AND APPLICATIONS. 

1. Given two roads of different width at right angles to each 
other, to connect them by a road whoee sides are 
arcs of circles tangent to the sides of the roads. 

(a) Make the conatructioD shown in the figure and 
prove that it has the required properties. 

(5) Is this construction possible when the given 
roads are not at right anglcB to each other? Illustrate. 

(c) Can the curve be made Long or short at will? 

(d) Make the conatructioa if the giveu roads have the same width. 

2. Two circles C and C are tangent at the 
point D. AB is a segment through D termi- 
nating in the circles. Prove that the radii 
CA and OB are parallel. 

3. Through a point on the bisector of an 
angle to construct a circle tangent to both 
sides of the angle. 

Construction. Through the given point 
P draw EPi-btAP. Lay off ED = EP and 
at D coastraat DC ± AD meeting the line AP 
in C. Then C is the center of the required 
circle and CD is its radius. 

Proof : Draw PD and prove that A DEP 
is isoBceles and hence also A PDC. 

Is it possible to construct another circle having the properties 
required? If so, construct it. 

This construction is 

used in the accompany- 
ing design in which the 
shape is determined by . 
fixing the point P in ad- 
vance. 

Such designs are of 
frequent occurrence in decorative work such as the steel 
ceiling panel given here. 
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4. In an isosceles triangle construct three circles 
as shown in the figore. 

Suggestion. First construct the inscribed 
circle with center 0, Let the bisector oi ^A meet a 
this circle in a point P, Then use Ex. 3. 

5. The angles formed by a chord and a tangent are equal respec- 
tively to the angles inscribed in the arcs into which the end-points of 
the chord divide the circle. 

6. If a triangle whose angles are 48°, 56°, and 76° is circumscribed 
about a circle, find the number of degrees in the arcs into which the 
points of tangency divide the circle. 

7. Divide- each side of an equilateral triangle into three equal 
parts (Ex. 5, § 159) and connect points as shown in the figure. 

Prove that DEFGHK is a regular hexagon. 

8. If a circle is inscribed in the triangle of Ex. 7, 
prove that all sides of the hexagon are tangent to the 
circle. 

Suggestion. Show that the perpendicular bisec- 
tors of the segments HK, KD, BE meet in a point 
equidistant from these segments. 

9. Within a given square construct four equal 
circles so that each circle is tangent to one side of 
the square and to two of the circles. 

Suggestion. First construct the diagonals of 
the square. 

10. In the figure, 
ABCD is a rectangle D^ F 
with AD = i AB. E 
and F are the middle 
points of AB and CD 
respectively. 

Semicircles are con- 
structed with E and F 
as centers and ^ AE as 
a radius, etc. 

Fan vaulting from Gloucester Cathedral, England. 
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(a) Frove tliat these quadrant arcs are tangent to each other in 
purs and also to the semicircles. 

(6) Linea are drawn tangent to the arcs at the poiuts when these 
are met* by the diagonals of the squares AEFD and BCFE. Prove 
that these lines form squares KLMN and XYZ W. 

(e) Construct the small circles within each of these bi 



The above design occurs in fan-vaulted ceilings. 

The gothic or pointed arch plays a conspicuous part in 
' modern architecture, and examples of it may be found in al- 
most any city. Its most common use is in church windows. 

The figure represents a so-called equilat- 
eral gothic arch. The arcs AC and BC are 
drawn from B and A as centers respectively, 
and with AB as a radius. 

The segment AB is called the tpan of'the 
areh^ and the point C its apex. 

11. In the figure AD = DB. ABC, ADE, and DBF are equi- 
lateral gothic arches. 

(a) Construct the 
circle with center 
tangent to the four 
arcs as shown. 

ScaGBSTiON, Take 
X BO that DX =s XB. 
With centers A and B 
and radius AX draw 
arcs meeting at 0. 

Complete the con- 
struction and prove that the figure has the required properties. 

(6) Prove ttiat Sk and ^ are tangent to each other. Also SP 
andB?, and^Eand/c-. 

(c) What axis of symmetry has this figure ? 

13. A triangle ABC whose angles are 45°, 80°, and 55° is inscribed 
in a circle. Find the angles of the triangle formed by the tangents 
at A, B, and C. 




n X 

Door, UdIod Park Chnrch, Chicago. 
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13. Inscribe a circle in an equilateral gothic arch ABC. 

Suggestions. Construct CD j_ to AB and ex- 
tend it to P, making DP = AB, From P con- 
struct a tangent to ^ C at £. 

(a) Prove that A BDP sa A BLP and hence 
PL = BD. 

(h) A OLP S A BDO and hence OD = OL. 

Then O 02) is the required circle. See § 209. a 

Notice that this figure is symmetrical with re- 
spect to the line PDy and hence if the circle is proved tangent to Au^ 
we know at once that it is tangent to S(^, 



14. Tn the figure ABC is an equilateral 
gothic arch with a circle inscribed, as in Ex. 13. 

(a) Construct the two equilateral arches GHE 
and HKFy as shown in the figure. 

Construction. Draw BK and AG^AB. 
With a radius equal to OD + DB, and with 
as center draw arcs meeting BK and AG in K 
and G respectively. Draw GK^ construct the 
arches and show that each is tangent to the circle. 

(ft) Do the points E and F lie on the circle ? 



G 



/I \ 

' ! ^ 



Suggestion. Suppose KF to be drawn, and 
compare Z HKF with Z HKO by comparing the 
sides HK and KF and also GK and KO. 

15. Construct an arc passing through a given 
point B^ and tangent to a given line ^Z> at a 
given point D, 

16. In the figure ABC is an 
equilateral arch. BK is { of BD. 
KBF and AHE are equal equi- 
lateral arches. Arcs KQ and HQ 
are tangent to arcs KF an4 HE 
respectively. 




Ty% 


B 


H 


K 


D q. 




A B 






A HDK B 

From Lincoln Cathedral, England. 



(a) Find by construction the center O of the circle tangent to ^ C, 
BC, KF, and HE, and give proof. 
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^ -.-^ 



(6) Find by construction the centers of the arcs KQ and HQ. 
How is this problem related to Ex. 15 ? 

17. Two circles are tangent to each other in- 
ternally. Find the locus of the centers of all circles 
tangent to both externally, 

18. Two circles are tangent to each other eo?- 
ternaUy, Find the locus of the centers of all circles (i , 
tangent to both, but external to one and internal to 
the other. 

19. Two equal circles are tangent to each other 
externally. Find the locus of the centers of all 
circles tangent to both. 

20. AD^B is an angle whose vertex is outside 
the circle and whose sides meet the circle in the 
points A and J5, while Z.ADB is an inscribed 
angle intercepting the arc AB. Prove that 
/. ABB > A AD* By provided each of the segments 
I^A and D^B cuts the circle at a second point. 

21. Through two given points A and B con- 
struct a circle tangent to a given line which is 
perpendicular to the line AB, 

Is this construction possible if the given line 
passes through either of the points A or B*t If it 
meets AB between these points? 

22. In kicking a goal after a touchdown in the 
game of football, the ball is brought back into 
the field at right angles to the line marking 
the end of the field. The distance between the Touchldown ®°^ p*^*« 
goal posts being given, and also the point at 
which the touchdown is made, find by a geo- 
metrical construction how far back into the 
field the ball must be brought in order that 
the goal posts may subtend the greatest pos- 
sible angle. 





CHAPTER III. 

THE MBASURBMBNT OP STRAIGHT LINE- 
SEGMENTS. 

232. A straight line-segment is said to be exactly meas- 
ured when we find how many times it contains a certain 
other segment which is taken as a unit. The number thus 
found is called the numerical measure, or the length of 
the segment. 

E»g, a liDe-segment is 9 in. loog if a segment 1 in. long can be 
laid off on it 9 times in succession. 

Thus, 9 is the numerical measure, or the length of the segment^ 
when 1 in. is taken as a unit. 

233. In selecting a unit of measure it may happen that 
it is not contained an integral number of times in the seg- 
ment to be measured. 

Thus, in measuring a line-segment the meter is often a convenient 
unit. Suppose it has been applied five times to the segment AB and 
that the last time the end falls on Ay, A-^B being less than one meter. 

Then, taking a decimeter (one tenth of a 
meter) as a new unit, suppose this is contained ^ 5 S 2 -s 



-!»■«' 



three times in A-fi with a remainder A^ less -^i -^-^ 

than a decimeter. 

Finally, using as a unit a centimeter (one tenth of a decimeter), sup- 
pose this is contained exactly six times in ^2^. 

Then, the length oi AB is 5 meters, 3 decimeters, and 6 centi- 
meters, or 5.36 meters. 

The process of measuring considered here is ideal. In practice we 
cannot say that a given segment is contained exactly an integral 
number of times in another segment. See § 235. 
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234 It may also happen that, in continuing this ideal 
process of measuring as just described, no subdivided 
unit can be found which exactly measures the last interval, 
that is, such that the final division point falls exactly 
on B. 

E,g, it is known that in a square whose sides are each one unit 
the diagonal is V2, and that this cannot be exactly expressed as an 
integer or a fraction whose numerator and denomi- 
nator are both integers. 

By the ordinary process of extracting square root 
"we find V2 = 1.4142 •••, each added decimal mak- 
ing a nearer approximation. But this process never 
terminates. 

Hence, in attempting to measure the diagonal of a square whose 
side is one meter, we find 1 meter, 4 decimeters, 1 centimeter, 4 milli- 
meters, etc., or 1.414 meters approximately. 

It should be noticed, however, that 1.415 is greater than the di- 
agonal and hence the approximation given is correct within one 
millimeter. 

235. Evidently any line-segment can be measured either 
exactly or to a degree of approximation, depending upon 
the fineness of the instruments and the skill of the opera- 
tor. The word meoiure is commonly used to include 
both exact and approximate measurement. 

For practical purposes, a line-segment is measured as 
soon as the last remainder is smaller than the smallest 
unit available. It should be noticed that all practical 
measurements are in reality only approximations, since it 
is quite impossible to say that a given distance is, for in- 
stance, exactly 25 ft. It may be a fraction of an inch 
more or less. 

E,g, in the above example 1.414 meters gives the length of the 
diagonal for practical purposes if the millimeter is the smallest unit 
available. The error in this case is less than one millimeter. 
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236. Definition. Two straight line-segments are com- 
mensurable if they have a common unit of measure. Other- 
wise they are incommensurable. 

E»g» two line-segments whose lengths are exactly 5.27 and 3.42 
meters respectively have one centimeter as a common unit of meas- 
ure, it being contained 527 times in the first segment and 342 times 
in the second. 

But the side and the diagonal of a square have no common unit of 
measure* 

In the example of § 234, the millimeter is contained 1000 times in 
the side and 1414 times in the diagonal, plus a remainder less than 
one millimeter. A similar statement holds for any unit of measure, 
however smalL 

237. For the purposes of practical measurement any two 
line-segments may he considered as commensurable^ but for 
theoretical purposes it is necessary to take account of in- 
commensurable segments also. 

The theorems in this chapter are here proved for com- 
mensurable segments only. They are proved for incom- 
mensurable segments also in Chapter VII. 

« 

RATIOS OF LmE-SEGMENTS. 

238. The ratio of two commensurable line-segments is the 

quotient of their numerical measures taken with respect to 

the same unit. 

E.g, if two segments are respectively 3 ft. and 4 ft. in length, the 
ratio of the first segment to the second is | and the ratio of the 
second to the first is |. 

239. The ratio of two commensurable segments is the 

same, no matter what common unit of measure is used. 

E.g, two segments whose numerical measures are 3 and 4 if one 
foot is the common unit, have 36 and 48 as their numerical measures 
if one inch is the common unit. But the ratio is the same in both 
cases, namely : jf = f • 
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240. The approximate ratio of two incommensurable line- 
segments is the quotient of their approximate numerical 
measures. It will be seen that this approximate ratio 
depends upon the length of the smallest measuring unit 
available, and that the approximation can be made as 
close as we please by taking the measuring unit small 
enough. 

E,g. an approximate ratio of the side of a square to its diagonal 

is — — : = —r-' Another and closer approximation is — -—■ = — rr-* In 
1.41 141 1.414 1414 

this case the numerical measure of one of the segments is exact. 

An approximate ratio of V2 to V3, in which neither has an exact 

measure, is 1^1 = 1^. Another is 1:^ = 1^. 
1.73 173 1.732 1732 



241. It should be clearly understood that the numerical 
measure of a line-segment is a number, as is also the ratio 
of two such segments. Hence they are subject to the 
same laws of operation as other arithmetic numbers. 

For example, the following are axioms pertaining to 
such numbers : 

(1) Numbers which are equal to the same number are 
equal to each other. 

(2) If equal numbers are added to or subtracted from 
equal numbers^ the results are equal numbers. 

(3) If equal numbers are multiplied by or divided by 
equal numbers^ the results are equal numbers. 

It is understood, however, that all the numbers here 
considered are positive. For a more complete con- 
sideration of axioms pertaining to numbers, see Chapter 
I of the Advanced Course of the authors' High School 
Algebra. 
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242. A proportion is an equality, each member of which 
is a ratio. Four numbers, a, (, c^ and (2, are said to be in 

proportion, in the order given, if the ratios — and - are 

d 

equal. In this case a and c are called the antecedents 
and b and d the consequents. Also a and d are called 
the extremes and b and c the means. 

The proportion t = 3- is sometimes written a : i = e? : (2, 

d 

and in either case may be read a is to b as c is to d. 

If D and E are points on the sides of the triangle ABC^ 
and if w, w, p^ and 5, the numerical measures respectively 

of -42), DB, AE^ and EC^ are such that — =^, 

then the points D and ^ are said to divide 

the sides AB and AC proportionally, that is, 

in the same ratio. For convenience it is 

common to let AD^ BB^ AE^ and EC stand for 

the numerical measures of these segments, and thus to 

AJy AE 
write the above proportion, — = — or AD : DB=AE:EC. 

^ ^ DB EC 



THEOREMS ON PROPORTIONAL SEGMENTS. 

248. Theorem. If a line is paraUel to one side of a 
triangle and cuts the other two sides, then it divides these 
sides in the same ratio. 

Given A ii^ in which 22E II .BC. ^ 

To prove that ^ = '^. ^ 

DB EC ^ 

Proof : Choose some common measure 
of AD and DB, as AK. Suppose it is con- 
tained 3 times in AD and 5 times in DB. B 
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Then 



AD 



= f 



(1) 



Through the points of division on AD and DB draw lines 
parallel to BC, cutting AE and EC. By § 166 these paral- 
lels divide AE into three equal parts and EC into five 

equal parts. Hence, ae 

^ = f (2) 

.-. from (1) and (2) ^=:d^. A 241 

^ DB EC ^ 

For a proof in case AD and DB are incommensurable, see § 410. 

244. BZERCISBS. 

1. If DEWBC in AABCy <?ompute the segments 
left blank from those given in the following table : 




AD 


DB 


AE 


EC 


AB 


AC 


20 


24 


15 








4 


56 




42 








102 


12 


408 






25 




18 


342 







2. B is a point visible from A but inaccessible. Required to com- 
pute the distance from A to B, 

Suggestion. Select some accessible point C 
from which A and B are both visible. Through E^ 
a point near A and on the line of sight from A to 
C, draw EDWCB and meeting the line of sight 
from ^ to J? at D, 

Now AE, EC, and AD can be measured. Then 
DB and hence AB can be computed by § 243. 

Note. The advantage of this method over that in 
§ 34, Ex. 5, is that here a small triangle AED is made to 
do the service, which was there performed by another 
triangle the same size as ABC. 
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245. Theorem. If four numbers m, n, p, q are such 

that — = ^, then it follows that: 
n q 

(1) n^i. (2) r^^VL. 

m p P 9 

(3) rn + n ^2±l. (4) rn-n _P'-q 

n q n q 

(5) ^ + ^ » 2±2. 
m — n P'-q 

Given - = ^. (a) 

To prove (1) divide the members of 1 =s 1 by those of 

(«). „ 

To prove (2) multiply each member of (a) by — 

P 
To prove (3) add 1 to each member of (a) and reduce 

each side to a common denominator. 

To prove (4) subtract 1 from each member of (a) and 
reduce each side to a common denominator. 

To prove (5) divide the members of (3) by the members 
of (4). 

Write out these proofs in full, giving the reason for 
each step, and read off the results as applied to the figure. 

For example, show that (3) gives, when applied 

to the figure, 

AB ^AC n, 

DB EC ^ ^ 

246. The results in the above theorem are sometimes 
named as follows : 

The proportion (a) is said to be taken by inversion in 
(1), by alternation in (2), by composition in (3), by division 
in (4), by composition and division in (5). 
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247. 



BXBRCISBS. 
TO 



1. If -=^, prove that 

n q m -\- n p -\- q 

above figure that 



= —^ — , aud hence show in the 



AD 
AB 



AE 
AC 



2. If in the figure on page 118 DEWBC^ compute the segments 
indicated by blanks in the accompanying table. 



3. If 


TO p 
n q 




show that 


P 


n 4- 7 
9 


4. If 


TO _p 

n~ q 




show that 


m+p __ 
n + q 


TO 

n 



5. If 2!=£ and '^=2, 
X q y q 

show that X = y. 



6. If 2! = ^, show that 

X y 

x = y. 

7. State £xs. 4, 5, and 6 
in words. 



AD 


AB 


DB 


AE 


AC 


EC 


8 


12 




6 






6 


10 






16 




6 


9 








7 


12 




10 


10 






10 




8 




18 




10 




7 






14 


240 






200 


380 




160 






140 




20 


120 








100 


50 




35 


21 


14 




■ 




40 


15 




30 






500 


200 






400 




90 




40 


70 






20 




30 




8 




800 






360 


300 






27 


30 


48 








30 


20 




50 






27 




560 


48 



8. A triangle is formed by a chord and the tangents to the circle 
at its extremities. Prove that the triangle is isosceles. 

9. A triangle with angles A, B, C is circumscribed about a cii*cle. 
Find the angles of the triangle formed by the chords joining the 
points of tangency. 
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248. Theorem. If a line divides two sides of a tri 
angle in the same ratio, it is parallel to the third side. 

Giyen tiie points D and E on the sides of the A ABC such 

that^=^. 
DB EC 

To prove that de W BC. 

Proof : Suppose De! is drawn paral- 
lel to BC. It is proposed to prove that 
the point e' coincides with E. 

Since De' II BC, we have — = —7- . 

DB E^C 

But by (3), § 245, ^ = ^. 

•^ ^ DB EC 

Now use the proof of Ex. 5, § 247, to show that 
E^C = EC^ and hence that E^ and E coincide, so that 
DE 11 BC. Give the proof in full detail. 




249. 



BXBRCISBS. 



1. Show by § 248 that the line joining the middle points of two 
sides of a triangle is parallel to the third side. Compare § 151. 

2. Show by § 243 that the line which bisects one side of a triangle 
and is parallel to a second side bisects the third side. 

3. If in the AABC & segment Cy connects the 
vertex to any point y of the base, find the locus of 
the point x on this segment such that Cx : Cy is 
the same for all points y. 

4. ABCD is a £7 whose diagonals meet in 0. 
If y is a point on any side of the O, find the locus 
of a point x on the segment Oy such that Oy : xy 
is the same for every such point y. 

5. Find the locus of the points of intersection 
of the medians of all triangles having the same 
base and equal altitudes. (Use §§ 158, 248.) 
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260. Theorem. The bisector of an angle of a triangle 
divides the opposite side into segments whose ratio is the 
same as thai of the adjacent sides. 

Given CD bisecting Z C in A ABC. 



To prove that dd? = !^. 

DB BC 

Proof : Through B draw BE il DC. 
Prolong ^C to meet BE at E. 



E 



.^' I 



£-"'W 




In A ABE i^ = ^. (Why?) ^ ^ ^ 

DB CE ^ 

Now show that A BCE is isosceles, and hence that BC 
may be substituted for CE in the above proportion. Com- 
plete the proof. 



261. 



BXBRCISBS. 



1. Fill in the blank spaces in the table, if in the figure of 
CD ia the bisector oiZA CB. 



250 



AC 


CB 


AD 


DB 


AB 


8 


10 


6 






20 


16 




12 




35 


17 






40 


3 




2 


1 




7 




9 




12 


12* 






8 


16 




364 


200 


480 






54 


65 




105 




24.5 




18.3 


32.6 
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252* Definition. A segment is said to be divided exter- 
nally by any point which lies on the line of the segment but 
not on the segment itself. 

E,g> point C divides the segment AB externally j the parts being 
A C and CB^ while point B divides the segment AC in- 
temallyf the parts being AB and BC. * '. • 

258. Theorem. A line which bisects an exterior 
angle of a triangle divides the opposite side externally 
into two segments whose ratio is the same as that of the 
adjacent sides of the triangle. 



A ^ 

Given CD, the bisector of the exterior angle at C of the triangle 
ABC, 

To prove that i^ = i^. 

BD BC 

Proof : Through B draw BE II DC. 

In A ACD ^ = i^. (Why?) 

BD EC V J y 

Now show that A EBC is isosceles, and hence that 

EC = BC. 

Complete the proof. 

254* BXBRCI8B& 

1. Draw a triangle with an acute exterior angle bisected. Using 
different lettering from that in § 253, prove the theorem again. 

2. Compare the proofs in §§ 250 and 253. Give the proof in § 253 
for a figure in which AC < BC. 
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3. Fill in the blank spaces in the table below if 
CD is the bisector of the exterior angle BCK. 
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AC 


CB 


AD 


DB 


AB 


7 


4 


9 






14.3 


9.6 




18 




164 


48 






144 


13.7 




84 


60 




32 




60 




25 


56 






80 


40 




4.8 


12.5 


6 






550 


600 




400 




350 




200 


300 



4. To measure indirectly the distance from an accessible point A 
to an inaccessible point B by means of § 253. 

Suggestion. Through C, a point where A ^^^^ 

and B are both visible, draw CK making Z 1 = Z 2. ^.'-^ '/ ^ \ 
Produce KC to a point D on the line BA exten ded . -^ ' ~A B 

What lines must now be measured in order to compute ABl 

5. What methods have been used so far for the indirect measure- 
ment of the distance from an accessible to an inaccessible point? 
Compare these 

(a) As to the simplicity of the theory involved. 
(h) As to the simplicity and ease of the direct measurements re- 
quired. 

6. Divide a given line-segment in a given ratio without construct- 
ing a line parallel to another. 

7. Similarly divide a given line-segment externally in a given ratia 

8. Solve Ex. 3, § 249, if x is on Cy extended. 

9. Solve Ex. 4, § 249, if x is on Oy extended 
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* 

SIMILAR POLTGOHS. 

256. Two polygons, in which the angles of the one are 
equal respectively to the angles of the other, taken in 
order, are said to be mutually equiangular. 

The angles of the two polygons are thus arranged in 
pairs of equal angles, which are called corresponding 
angles. 

Two sides, one of each polygon, included between cor- 
responding angles, are called corresponding sides. 

266. Two' polygons are similar if (1) they are mutually 
equiangular and if (2) their pairs of corresponding sides 
are proportional. 

Two polygons may have property (1) but not (2). For example, a 
rectangle and a sqaare. Or they may have property (2) and not (1). 
For example, a square and a rhombus. 

Hence any proof that two polygons are similar must show that 
both (1) and (2) hold concerning them. 

In the case of triangles it will be proved that either property speci- 
fied in the definition of similar polygons is sufficient to make them 
similar. 

257. Theorem. // two triangles are mutuaUy equi- 
angular, they are similar. 



A A' 





Given A ABC and A'JffC, in which ZA = ZA',ZB==Zff, 
and Z C = ZC 



MEA8UBEMENT OF LINE^SEGMENTS. 125 

To prove that the other property of similarity holds, 

namely that ■ = ; = — r-,. 

•^ A'B' B'cf &A' 

Proof: Place A a^b^c' on A ABC with Z a' upon its 
equal Z Ay and B'(f taking the position DE. 

AB AC 

Now show that DE II BC and hence — = 



that is, 



AD AE 
AB AC 



a'b' a'& 

In like manner, placing Z b' upon Z B, 

AB BC 



show that 



a'b^ b'& 



Give the full details of this proof. 

258. BXBRCISBS. 

1. To measure indirectly the distance from an accessible point A 
to an inaccessible point B. 

Suggestion. Construct ^DX the line of sight "^j ^^^--^"^ 
from A to B, and ED ±AD. Let C be the point jff-^--"^ 
on AD which lies in line with E and B, 

Now show that ^ EDC and BA C are mutually equiangular and 
hence similar. What segments need to be measured in order to com- 
pute AB*i Give full details of proof. 

2. Prove that two right triangles are similar if they have an acute 
angle of one equal to an acute angle of the other. 

3. Two isosceles triangles are similar if they have the vertical 
angle of one equal to the vertical angle of the other. 

4. Two triangles which have the sides of one respectively parallel 
or perpendicular to the sides of the other are similar. 

5. Show by similar triangles that the segment joining the mid* 
points of two sides of a triangle is equal to one half the third side. 
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259. Theorem. // two triangles have an angle of one 
eqwal to an angle of the other and the pairs of adjacent 
sides in the same ratio, the triangles are similar. 

A' 





Given ^ ABC and A^BC in which Z il = Z il' and 



AB ^AC 
A'B AC 



Then, 



(Why?) 



To prove that A^i/C'^A^'-B'c^. 

Proof: Place AA^b'c' upon A ABC with ZA' on ZA, 
B*& taking the position DE. 

AB _AC 
AD AE 

and hence, BE \\ BC. (Why ?) 

Now show that A ABE and ABC are mutually equian- 
gular and hence similar. 

260. Theorem. If two tri- 
angles have their pairs of 
corresponding sides in the 
same ratio, they are similar. 

Given A ABC and A'SC in 
AB BC CA 





C which^^ = -^ = 



A'Bf BaCA' 
B c xo prove that Aabc^^ 

A A'b'&, that is, to prove Za = Z.a\Z.b = Zb\Zc=Zc'. 
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Proof : Lay off on AB and AC respectively AD = A^B^ 
and AE^A^d^ and draw BE. 

Now prove, as in § 259, that AABE^AABC^ 

and hence, that i^ = :i? . n ) 

BE BC ^ ^ 

Hence, since -42) = a'b'^ it follows from (1) and (2) that 
BE=B^&, as in Ex. 6, § 247. 

Now show that A A'b' &^A ABE, 
and hence, that AA'B^d ^A ABC. 

Make an outline of the steps in this proof and show how each is 
needed for the one that follows. 



261. BXBRCI8B8. 

1. Given a triangle whose sides are 2, 3, 4. Construct a triangle 
having its angles equal respectively to those of the given triangle and 
having a side 10 corresponding to the given side 2. 

2. If each of two triangles is similar to a third triangle, they are 
similar to each other. 

3. If in a right triangle a perpendicular he drawn from the vertex 
of the right angle to the hypotenuse, show that each of the triangles 
thus formed is similar to the given tri- 
angle, and hence that they are similar to 
each other. 




4. In the figure of £x. 3, make a tahle 
showing which angles are equal and which 
pairs of sides are corresponding in the fol- 
lowing pairs of triangles: A CD and ACB, CDB and ACBj A CD 
and CDB. 

5. On a given segment as a side show how to construct a triangle 
similar to a given equilateral triangle. 
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262. Theorem. The square on the hypotenuse of a 
right triangle is equal to the sum of the squares on the 
other two sides. Q 




D n B 



Given A ABC with a right angle at C. Call the lengths of the 
sides opposite AA^ B, C, respectively, a, b, c. 

To prove that c^=^a^+ h\ 

Proof : Let the perpendicular p divide the hypotenuse 
into the two parts m and n so that (? = w + n. 

From A ACD and ACB show that ~ = -. (1) 

c 

From A CBB and ACB show that - = -. (2) 

From (1) 7n(? = 62 « ^ (3) 

and from (2) wc = a^ (Why?). (4) 

From (3) and (4) (m + n)c = a^ + J2 (Why ?). 
Thatis, <?.(? = c2=a2 + 62. 

For another proof of this theorem see § 319. 

Historical Note. The proof given above is supposed to be 
that given by Pythagoras, who first discovered the theorem. 

263. BXBRCISBS. 

1. The radius of a circle is 8. What is the distance from the 
center to a chord whose length is 6 ? 

2. In the same circle, what is the length of a chord whose distance 
from the center is 5 ? 

3. Find the diagonal of a square whose side is 5 ; whose side is a. 

4. What is the side of a square whose diagonal is 8? whose diagonal 
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5. The hypotenuse of a right isosceles triangle is 12 inches. Find 
the lengths of its sides. 

6. The diagonals of i^rhombus are 14 and 10 inches respectively. 
Find the length of its sides. (See § 147, Ex. 4.) 

7. The square on the hypotenuse of a right triangle is equal to four 
times the square on the median to the hypotenuse. 

8. What is the radius of a circle if a chord 12 inches long is 9 
inches from the centre ? 

9. Find the altitude of an equilateral triangle whose side is 8; 
whose side is a. 

10. If the altitude of an equilateral triangle is A, find its side. 
(Use the formula obtained under Ex. 9.) 

11. Find the altitude of a triangle whose sides are 6, 8, and 10. 

12. The oval in the figure is a design used in the construction of 
sewers. It is constructed as follows: 
In the QOA let CD, the perpendicular 
bisector of AB, meet the arc AC^B at 0\ 
Arcs AM and BN are drawn with the 
same radius AB and with centers B and 
A respectively. , A 

The lines BO* and A O' meet these arcs 
in M and N respectively. 

The arc MDN has the center O' and 
radius O'M. 

(a) Is arc ACB tangent to AM and 
^ at A and B respectively ? Why ? 

(b) Is arc MDN tangent to jfQf and 
^ at M and N respectively ? Why ? 

(c) li AB = S feet, find BO', and hence, O'M, and finally CD. 
That is, if the sewer is 8 feet wide, what is its depth ? 

(d) If the width of the sewer is a feet, show that its depth is 

f (* - ^)- 

(c) If the depth of the sewer is d feet, show that its width is 
<f(4 + V2) 
7 

(/) Compute to two places of decimals the width of a sewer whose 
depth is 12 feet. 
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284. Theorem. // in two right triangles the hypote- 
nuse of the one equals the hypotenuse of the other ^ and if 
the sides a, b and a', 6' are such that a>a^, then b<b\ 

Proof : Let e be the length of the hypotenuse in each. 

Then a^ + i^ = ^ ^nd a'^ + J'2= ^, (Why ?) 

.-. a2 + ja=a'a + 6'2. (Why?) 

and a^ - «'« = b'^ - b^. (Why ?) 

Since a>a', the left member of the 
last equation is positive^ and hence the 
right member is also positive, that is, b<V. 

265. Theorem. In the same circle or in equal circles, 
of two unequal chords, the greater is nearer the center. 




Given CD OA and (fA^ in which OA=.aA' and AB> A^Ef. 

To prove that AB is nearer the center than a'b\ 

Proof: Draw the -h b and V and the radii c and cf. 
Then a and a' are halves of AB and A^B^ respectively. 
Now complete the proof, using § 264. 

266. Theorem. State and prove the converse of the 
theorem in § 265, using the same figure. 

267. Definitions. A continued proportion is a series of 
equal ratios connected by signs of equality. 



a ^ _ ^ __9 



The perimeter of a polygon is the sum of its sides. 
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268. Theorem. In a continued proportion, the sum 
of the antecedents and the sum of the consequents form a 
ratio equal to any one of the given ratios. 

Given the continued proportion ? = - = -=?. 

b d f h 

To prove that ^±4±4±|^f. 

Proof : Let T = ^• 



Then, | = r, -^ = r, |=r. 

Hence, a = br^ c = dr^ e =fr^ g = Ar, 

and a-\'C + e-\'ff=:br+dr -\'fr + hr = (6 + d +/+ A)r, 

or — ■ ■ —^s=r = —' 

Give all reasons in full. 

269. Theorem. The perimeters of two similar poly- 
gons are in the same ratio as any two corresponding 
sides. A 




Proof : By definition of similar polygons 

AB BC CD BE EA 



A'b' B'c' C'd' B^Sf ^A^ 

Complete the proof. 
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270. Theorem. // the diagondls drawn from one 
vertex in each of two polygons divide them into the same 
number of triangles, similar each to each and similarly 
placed, then the two polygons are similar. 




Given the diag[onals drawn from the vertices A and A* in the 
polygons P and P', forming the same number of triangles in each, 
such that AI^AI', All ^ AW, Ain^AUP. 

To prove that P ^ PK 

Outline of Proof : (1) Use the hypothesis to show that 
/La-/, a', Z.b = Zb', Zc=Z(/, etc. 

(2) Show that -4^ = ^^ = ^, etc. 

^ A'b' B^Cf Cfu' 

BC CD 

Notice that the proportion —-— = ——- follows from 

b'c' C'd' 

BC AC CD (Why?) 



b'& a'c' c'b' 

Give the proof in detail. 

271. Theorem. State the converse of the preceding 

theorem, and give the proof in full detail. 

Make an outline of all the steps in the proofs of these 
two theorems. 
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272. Theorem. // through a fixed point within a 
circle any number of chords are drawn, the product of the 
segments of one chord is equal to the prodvx^t of the seg- 
merUs of any other. 




Given O C with any two chords AB and DE intersecting in P. 

To prove that AP PB^ ep - PD. 
Proof : Draw EB and DA. 

Then, Z 1 = Z 2 and Z 3 = Z 4. (Why?) 

Hence, A EPB ^ A PDA. (Why ?) 

Which are corresponding angles and which are corre- 
sponding sides? 

Show that — = 

EP PA 
Complete the proof. 

It follows from this theorem that if a chord AB is made 

to swing around the fixed point P, the product AP • PB 

does not change, that is, it is constant. 

273. BXBRCISBS. 

1. Which chord through a point is bisected by the diameter through 
that point ? Why ? 

2. Through a given point within a circle which chord is the short- 
est? Why? 

3. The product AP- PB is the area of the rectangle whose base 
and altitude are the segments of AB, (See § 307.) 

Note that this area is constant as the chord swings about tde point 
P as a pivot. 
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274. Definition. If a secant of a circle is drawn from a 
point P without it, meeting the circle in the points A and 
B, then PB is called the whole secant and PA the external 
segment, provided A lies between B and P. 

275. Theorem. // from a fixed point outside a cir- 
cle any number of secants are drawn, the product of one 
whole secant and its external segment is the same as that 
of any whole secant and its external segment. 




Given secants PB and PE drawn from a point P. 

To prove that pa-pb = PD- pe. 

Proof : In the figure show that A PDB '^ A PAE. 
Complete the proof. 

276. BXBRCISB8. 

1. A point P is 8 inches from the center of a circle whose radius 
is 4. Any secant is drawn from P, cutting the circle. Find the 
product of the whole secant and its external segment. 

2. From the same point without a circle two secants are drawn. 
If one whole secant and its external segment are 14 and 5 respec- 
tively and the other external segment is 7, find the other whole 
secant. 

3. Two chords intersect within a circle. The segments of one are 
m and n and one segment of the other is p. Find the remaining 
segment 
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277. Theorem. // a tangent and a secant meet out- 
side a circle, the square on the tangent is equal to the 
product of the whole secant and 
its external segment. 

Proof : Show that / / ^-^ 

A APD '^ A BPD and hence that 
PB : PD =^ PD : PA. £> 

Complete the proof. 

\ 

278. BZBRCISBS. 

1. If a square is constructed on PD as a side, and a rectangle with 
PB as base and PA as altitude, compare their areas as the secant 
revolves about P as a pivot. 

2. Show that the theorem in § 277 may be obtained as a direct 
consequence of that in § 275 by supposing one secant to swing about 
P as a pivot till it becomes a tangent. 

3. A point P is 10 inches from the center of a circle whose radius 
is 6 inches. Find the length of the tangent from P to the circle. 

4. The length of a tangent from P to a circle is 7 inches, and the 
external segment of a secant is 4 inches. Find the length of the 
whole secant. 

5. What theorems are included in the following statement : 
** From a point P in a plane a line is drawn cutting a circle in A and B, 
Then the product PA • PB is the same for all such lines " t 

6. In a circle of radius 10 a point P divides a chord into two seg- 
ments 4 and 6. How far from the center is P? 

SuGGSSTioK. Use Ex. 5. 

7. In two similar polygons two corresponding sides are 3 and 7. 
If the perimeter of the first polygon is 45, what is the perimeter of 
the second? 

8. The perimeters of two similar polygons are 32 and 84. A side 
of the first is 11. What is the corresponding side of the second 
polygon? 
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C" & c 



(Why ?) 



279. Definitions. In a right triangle ABC^ right-angled 

at C, the ratio — is called the sine oi Z. A 

AB 

and is written sin A. 

If any other point b' be taken on the 

hypotenuse or the hypotenuse extended, 

and a perpendicular b'c/ be let fall to AC, a 

., &b' CB 
then — r = — . 

AB' AB 

Likewise in A ab"&\ in which AB^' = 1 unit, we have 

AB" 1 

Hence, in a right triangle whose hypotenuse is unity, 
the length of the side opposite an acute angle is the sine of that 
angle > 

280. Theorem. The ratio of the sides opposite two 
acute angles of a triangle is equal to the ratio of the 
sines of these angles. 

Given A ABC with Z A and Z B both acute angles. 

O 



sin A 



a 
J 




To prove that 

sin B 

Proof: Draw the perpendicular jt?. 

Then sin ^=f and sin B=?. 

a 



Hence, ?^ =^ ^^ = ^. See § 241, (3). 
sill B b a h ^ ^ ^ 

Note. The definitions of § 279 and the theorem of § 280 are 
given here for acute angles only. In trigonometry, where the subject 
is studied in full detail, they are extended to apply to any angles 
whatever. Other ratios called cosines, tangents, etc., are also 
introduced. 
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281. The theorem of § 280 is of great importance in 
finding certain parts of a triangle when other parts are 
known. By careful measurement (and in other ways) 
tables may be constructed giving the sine of any angle. 

282. BXBRCISBS. 

1. By means of a protractor construct angles of 10**, 20®, 80°, 40°, 
50°, 60°, 70°, 80°, and measure the sine of each angle, and so construct 
a table of these sines. 

If one decimeter is used as a unit for the hypotenuse, 
then the length of the side opposite Z.A^ expressed in 
terms of decimeters, is the sine of the angle A, 

Notice that the values of the sines are the same no matter what 
unit is used, but in general the larger the unit the more accurately is 
the sine determined. 

By means of the table just constructed solve the follow- 
ing problems, using the notation of the figure : 

2. Given /.A= 30°, /:: B = 80°, ft = 12, find a, c. B 

Solution. By the theorem, § 280, - = 2HLd . 

h sin B 

Substituting the values 6 = 12, and sin A = sin 80°, -<* 6—w a 

sin B = sin 80° from the table, we find a. In the same manner find c. 

3. Given a=lQ,ZA= 60°, ZC=: 70% find Z B, 6, c. 

4. A lighthouse L is observed from a ship S . 
to be due northeast. After sailing north 9 miles 
to S', the lighthouse is observed to be 35° south 
of east. Find the distance from the ship to the 
lighthouse at each point of observation. Use § 280. 

5. A ladder 25 feet long rests with one end on 
the ground at a point 12 feet from a wall. At 
what angle does the ladder meet the ground. 

6. If two sides and the included angle of a 
triangle are known, can the remaining parts be 
found by means of § 280? 
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283. In land surveying on an extensive scale, processes 
similar to that used on the preceding page are constantly 
employed in finding the sides of triangles. 

To begin with, a level piece of ground is selected and a 
line AB measured with great care. ^ e 

Then a point C is selected, and /I ABC [^""---.p,-"''/ >^ 
and Abac measured very accurately 1 y'\ ;5^' 
with an instrument. Sides AC and \/ j / 

— — — — — ^ 

BC may now be computed by means ^ J> 

of the theorem, § 280, and a table of sines (see page 
opposite). By measuring ABAC and Z ACB^ CD may be 
computed. By this process, called triangulating, it is 
possible to survey over a large territory without directly 
measuring any line except the first. 

284. The saving of labor afforded by this indirect method 
of measuring is very great, and especially so in a rough 
and mountainous country, since measuring the straight 
line distance from one mountain peak to another by means 
of a measuring chain is impossible. 

In practice, tables of logarithms are used and the sines 
are carried out to a larger number of decimal places, but 
the general process is that used on the preceding page. 

286. ' BXBRCISBS. 

Using the table on the next page, solve the following examples: 

1. Given A = 53°, B = 65°, a = 11.5. Find ft, c, and Z C. 

2. Given B = 49°, C = 71°, a = 19.3. Find h, c, and Z ^. 

3. Given A = 65°, a = 14, 6 = 12. Find ZB.ZC, and c. 

Solution. |HLf = ^ or sin 5 = sin ^ x - = .91 x ^ = .78. 
Sin A a a 14: 

From the table we find that sin 51° = .78. Hence B = 51**. Z C 
and c may now be found as before. 
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4. Given .4 =71°, a = 19.5, b = 17. Find ZB, ZC, and c. As be- 

fore, sin 5 = sin ^ X - = sin 71° x — = .95 x — = .828. From the 
' 19.5 19.5 



a 



table we find sin 55° = .82 and sin 56° = .83. But sin B is nearer .83 
than .82, and hence B = 56° is the nearest approximation using a 
degree as the smallest unit. 



Angrle 


Sin 


Angle 


Sin 


Angle 


Sin 


Angle 


Sin 


Angle 


Sin 


Angle 


Sin 


0° 





15° 


.26 


30° 


.50 


45° 


.71 


60° 


.87 


75° 


.97 


1° 


.02 


16° 


.28 


31° 


.52 


46° 


.72 


61° 


.87 


76° 


.97 


2° 


.03 


17° 


.29 


32° 


.53 


47° 


.73 


62° 


.88 


77° 


.97 


3° 


.05 


18° 


.31 


33° 


.54 


48° 


.74 


63° 


.89 


78° 


.98 


4° 


.07 


19° 


.33 


34° 


.56 


"49° 


.75 


64° 


.90 


79° 


.98 


5° 


.09 


20° 


.34 


35° 


.57 


50° 


.77 


65° 


.91 


80° 


.98 


6° 


.10 


21° 


.36 


36° 


.59 


51° 


.78 


66° 


.91 


81° 


.99 


7° 


.12 


22° 


.37 


37° 


.60 


52° 


.79 


67° 


.92 


82° 


.99 


8° 


.14 


23° 


.39 


38° 


.62 


53° 


.80 


68° 


.93 


83° 


.99 


9° 


.16 


24° 


.41 


39° 


.63 


54° 


.81 


69° 


.93 


84° 


.99 


10° 


.17 


25° 


.42 


40° 


.64 


55^ 


.82 


70° 


.94 


85° 


X* 


11° 


.19 


26° 


.44 


41° 


.66 


56° 


.83 


71° 


.95 


86° 


Xa 


12° 


.21 


27° 


.45 


42° 


.67 


57° 


.84 


72° 


.95 


87° 


X* 


13° 


.22 


28° 


.47 


43° 


.68 


58° 


.85 


73° 


.96 


88° 


X • 


14° 


.24 


29° 


.48 


44° 


.69 


59° 


.86 


74° 


.96 


89° 


1 ^ 



286. Definition. An object ^B is said to subtend an 
angle APB from a point P if the lines PA and PB are sup- 
posed to be drawn from P to the extremities of the object. 



287. 



BXERCISBS. 



1. A huilding known to be 150 feet high is seen to subtend an angle 
of 20°. How far is the observer from the building if he is standing 
on a level with its base ? 

2. Show how to find the distance from an accessible to an inacces- 
ible point by means of § 280 and the table of sines. 

3. A flagstafE is 125 feet tall. How far from it must one be in 
order that the flagstaff shall subtend an angle of 25°? 
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PROBLEMS OF CONSTRUCTION. 

288. Instruments. lu addition to the ruleVn compasses^ 
and protractor described in § 44, the parallel ruler is 
convenient for drawing lines through given points parallel 
to given lines without each time making the construction 
of § 101. 

Description. R and R' are two rulers of equal length and width. 

AB and CD are arms of equal length pivoted at 

the points A, B, C, and D, making ^C = BD. \\ 

Why do the rulers, when thus constructed, i *b *n \ r' 

remain parallel as they are spread ? 

289. Segments of equal length can be laid off with 
great accuracy on a line-segment by means of the com- 
passes. The following construction makes use of the 
compasses and parallel ruler. 

290. Problem. To divide a given line-segment into 
any number of equal parts. 




Pi Pi Pz 



Construction. Proceed as in § 159, Ex. 5, using the 
parallel ruler to draw the parallel lines. 
Give the construction and proof in full. 

Historical Note. The idea of similarity of geometric figures, or 
"sameness of shape," is one of early origin, as is also the simple 
theory of proportion. It was probably used by Pythagoras to prove 
the famous theorem known by his name. (See § 262.) But the dis- 
covery by him of the incommensurable case (§ 236) showed that this 
theory was inadequate for the rigorous proof of all theorems on simi- 
lar figures. It remained for Eudoxus, the teacher of Plato, to perfect 
a rigorous theory of ratio and proportion. 
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Euclid, following his predecessors, deals with ratios of magnitude 
in general as well as of numbers. Later writers have frequently in- 
sisted that ratios in general are not numbers. But nothing is gained 
by this procedure, since they possess all the properties of numbers. In 
this book a ratio is treated simply as the quotient of two numbers. 
See §§ 238-242. 

291. Problem. Given three line-segments m, n, p, to 

construct a fourth segment q such that — = 2 j tfiat is, to 

n q 

find a fourth proportional to m, n, and p. 

Construction. Draw two indefi- m 

nite straight lines, Ax and Ay mak* 
ing a convenient angle. 

On Ay lay off AB = m, 5C = n. 
On Ax lay off AD=p. Draw BD. ^ P i> e 
Through C draw CE 11 BD. Then BE = j is the required 
segment. 

Give the proof in detail. 

292. BXBRCISBS. 

1. Apply the method of § 290 to bisect a given line-segment, and 
compare this with the method of § 51. 

2. Divide a line 7{ inches long into 11 equal parts by the method 
of § 290, and compare with the process of measuring by means of an 
ordinary ruler giving inches and sixteenths. 

3. Using the same segments as in § 291, construct a segment q 

such that — = -; also such that - = — . 
p q p q 

4. Using the same segments as in the preceding, construct a seg- 
ment q such that ^ = !^; also such that £ = '''. 

m q n q 

What is q called in each case ? 

5. Jf the given segments m,n,p are respectively 3f inches, 5^ inches, 

4| inches, compute q such that — = £. Also construct 9 as in § 291 
and compare results. ^ 
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293. Definitions. If three numbers a, m, and h are such 
that a : 971 = m : i, then m is the mean proportional between 
a and &, and b is the third proportional to a and m, 

294. Problem. To construct a mean proportional be- 
tween two given segments m and n. 




Construction. On an indefinite line xy lay oflf AB = m 
and BC = n. On -4C as a diameter construct a semicircle. 

At B erect a perpendicular to AC meeting the semicircle 
in J>. Then BB = jo is the required segment. 

Proof. Draw AB and CB and prove 
Complete the proof. 

296. BXBRCISBS. 

1. Show that in §277 DP is a mean proportional between PB 
and PA. 

2. If in the above problem m = 3, and n = 5 show that the con- 
struction gives Vl5. 

3. Show how to construct a segment p = V5, also p = V3, p = V2, 
by means of the above process. 

4. Show how to construct a square equal in area to a given 
rectangle. 

5. Show how to construct on a given base a rectangle equal in 
area to a given square. 

Suppose AB = mis the given base and BD =p & side of the given 
square, the two segments being placed at right angles as in the figure 
above. The problem is then to find on the line AB the center of a 
circle which passes through the points A and D. To do this connect A 
and D and construct a perpendicular bisector of this segment meeting 
^ C in a point which is the center of the required circle. BC = n is 
then the required side of the rectangle since m • n = jd^. 
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296. Pkoblem. To divide a line'Segment into three 
parts proportional to three given segments m, n, p. 




Construction. Let AB be the given segment. Con- 
struct Ax and on it lay off w, w, p as shown in the figure. 
Complete the figure and give proof in full. 

297. EXBRCISBS. 

1. Divide a liue-segment 5 inches long into three parts proportional 
to 2, 3, and 4. 

2. Divide a segment 11 inches long into parts proportional to 3, 5, 
7, and 9. 

First compute the lengths of the required segments, then construct 
them and measure the segments obtained. Compare the results. 
Which method is more convenient? Which is more accurate? 

3. Divide a segment 9 inches long into two parts proportional to 1 
and V2. 

Also compute the required segments. Which is more convenient 1 
More accurate ? 

4. Divide a segment whose length is vH into two parts propor- 
tional to "v^ and V5. 

First construct the segments whose lengths are V2, Vs, and VU. 
Also compute the required segments. 

5. Divide a given line-segment into parts proportional to two given 
segments m and n, (a) if the division point falls on the segment ; (6) 
if the division point falls on the segment produced. See § 252. 

6. A triangle is inscribed in another by joining the middle points 
of the sides. 

(a) What is the ratio of the perimeters of the original and the 
inscribed triangles? 

(Jb) Is the inscribed triangle similar to the original? 



144 PLANE GEOMETRY. 

298. Problem. On a given line-segment as a side 
construct a triangle similar to a given triangle. 




Construction. Let ABC be the given triangle and A'b' 
the given segment, and let it correspond to AB of the 
given triangle. 

Construct Z 2 = Z 1 and Z 4 = Z 3 and produce the sides 
till they meet in (/. Then A'B'cf is the required tri- 
angle (Why?). 

299. BXBRCISBS. 

1. In the problem of § 298 construct on A'B' a triangle similar to 
ABC such that A'B' and BC are corresponding sides. 

2. Show that on a given segment three different triangles may be 
constructed similar to a given triangle. 

3. Solve the problem of § 298 by making Z 2 = ^ 1 and construct- 

AB AC 
ing A'C so that -ry^ = ^ ■ Give the solution and proof in full. 

4. On a given segment as a side construct a polygon similar to a 
given polygon, by first dividing the given polygon into triangles and 
then constructing triangles in order similar to these. Apply § 270. 

5. On a given segment construct a polygon similar to a given 
polygon in a manner analogous to the method used in £x. 3 for con- 
structing a triangle similar to a given triangle. 

6. ABC is a right triangle with the hypotenuse AB, and 
CD±AB. Prove AC & mean proportional between AB and AD 
and likewise CB a mean proportional between AB and DB, 

1. Use the theorem of § 277 to construct a square equal in area to 
that of a given rectangle. 

8. The tangents to two intersecting circles from any point in their 
common chord produced are equal. Use § 277. 
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9. In the figure AD and BE are tangents at the 
extremities of a diameter. If BD and AE meet in a 
point C on the circle prove that AB ia a mean pro- 
portional between AD and BE, 

10. The greatest distance to a chord 8 inches long 
from a point on its intercepted arc (minor arc) is 2 
inches. Find the diameter of the circle. Use § 272. 

11. At the extremities of a chord AB tangents 
are drawn. From a point in the arc AB perpen- 
diculars PC, PD, PF are drawn to the chord and 
the tangents. Prove that PC is a mean propor- 
tional between PD and PF. 

Suggestion. Draw segments AP and BP and 
prove A APF '^ £:^BCP &nd A A PC '^ BPD. Then 

^^ ^^and^^ ^^ 




PB PC 



PB PD 



SUMMARY OF CHAPTER m. 

1. Make a list of the definitions in Chapter III. 

2. Make a list of the theorems on proportional segments involving 
triangles. 

3. State the various conditions which make triangles similar. 

4. State the conclusions which can be drawn when it is known 
that two triangles are similar. 

5. State the theorems on proportional segments involving poly- 
gons. 

6. State the theorems on proportional segments involving straight 
lines and circles. 

7. State in the form of theorems the various ways in which a 
proportion may be taken so as to leave the four terms still in 
proportion. 

8. Under what conditions is a segment a mean proportional be- 
tween two given segments. For instance, see § 277. 

9. Make a list of the problems of construction in Chapter III. 

10. State some important applications of the theorems on propor 
tion. (Return to this question after studying those which follow.) 
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PROBLEMS AND APPLICATIONS. 

1. The middle points of adjacent sides of a 
square are joined. 

(a) Prove that the inscribed figure is a square. 

(6) What is the ratio of the inscribed and the 
original squares. 

(c) If a side of the original square is a, find a 
side of the inscribed square. 

{d) If a side of the inscribed square is 5, find a 
side of the original square. 

2. Two strips intersect at right angles, 
(a) If the width of each strip is 3 inches, what 

is the largest square which can be placed on them 
so that its sides will pass through the comer 
points as shown in the figure? (The corners 
will bisect the sides of the square.) 

(h) What is the side of this square if the 
width of each strip is a ? 

(c) Find the side of the square if the width 
of one strip is 3 and that of the other 5. 

(d) Find the side of the square if the width 
of one strip is a and that of the other h» 

3. In the figure ABCD is a square and 
EFGH .-.is a regular octagon. 

(a) Show that A E, EF, FB are proportional 
to 1, V2, 1. (Assume ^ J5; = 1 and find NE,) 

AF 1+V2 V2 

a 2 + V2 2 

(c) Find Z FEN. See § 163, Ex. 2. 

(d) Show that AO = AF^ and hence that 
the regular octagon may be constructed as 
shown in the figure. 

(«) Show that ZAOE:= 22i° by § 219, and 
use this to make another proof that EFGH ... 
is a regular octagon. 

4. Find the area of a square whose diagonal 
is(/. 



(J) If i4B=a, showthat 
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9. If a side of a regular octagon is a, 6: 

6> A floor is tiled with regular white 
octagons and black squares as shovn in 
the design. What per cent (approii- 
matel}} of the floor is black? 

7. Divide a circle into eight equal parts 
and join alternate division points. 

(a) Prove that iS/A^PQ-isaregnlar 
octagon. 




Cut Glass Design. 

(6) If the diameter of the circle is a, showthat iB = 2(v^ _ 

ScaaESTtON. Find HE and then use Ex. 3, (d). 

S- Pkobleu. Inscribe a square In a given semicircle. 

Construction. Let AB be the diameter of the 
{^vea semicircle. At B construct a perpendicular to 
AB, making BD=AB. Connect C with the center (7, 
meeting tlie circle at E. Let fall EF perpendicular 
to AB. Then EP is a side of the required square. 
Complete the figure and make the proof by showing 
that EP = 2 CF. 

9. Problem. Inscrilie a square in a given triangle. 

Construction. I^et ABC l>e the given tri- 
angle. DrawCjDparallel to ^B, making CD = 
CO. Complete the square CDEO. 

Draw DA meeting CB in F. Draw 

FG I AB, GH II CO, and FK II CO. Then -* " ** 
FGHK-^CDEO and hence is the required square. 
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10. The sides of a triangle are 13, 17, 19. Find the lengtlis of the 
segmeuts into which the angle bisectors divide the opposite sides. 

11. The angles of a triangle are ^0^ 60^, 90"^. Find the lengths of 
the segments into which the angle bisectors divide the opposite sides 
if the hypotenuse is 10. 

12. Prove that the perpendicular bisectors of all the sides of a 
polygon inscribed in a circle meet in a point. 

13. An equilateral polygon inscribed in a 
circle is equiangular. 

14. The goal posts on a football field are 18| 
feet apart. If in making a touchdown the ball 
crosses the goal line 25 ft. from the nearest 
goal post, how far back should it be carried so 
that the goal posts shall subtend the greatest 
possible angle from the place where the ball is 
placed? See Ex. 22, page 111, and § 277. 

15. Solve the preceding problem if the touchdown is made a feet 
from the nearest goal post, and thus obtain a formula by means of 
which the distance may be computed in any case. 

16. A triangle has a fixed base and a constant 
vertex angle. Show that the locus of the vertex 
consists of two arcs whose end-points are the ex- 
tremities of the base. See £x. 20, page 111. 

Note that the locus also includes an arc on the 
opposite side of .^^ from the one shown in the 
figure. 

It follows that if two points A and B subtend the same angle from 
P and from Q, then a circle may be passed through 
A, B, P, Q. 

17. In the figure, A, B, F lie in the same 
straight line, as do also D, C, F, and Zl = Z2. --'' 

(a) If BF = 8, CF = 9, and DC = 12, find AB. ^\~^~^.^ 

(b) If ^ 5 = 100, AF = 250, CF = 60, find DC, \. .<i7 -'^^ 
Note. By holding a small object, say a pencil, ^ 

at arm's length, and sighting across the ends of 
it, we may determine approximately whether two 
given objects subtend the same angle. 



>" D' 
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18.' Not having any instraments, an engineer proceeds as follows 
to obtain approximately the distance from an accessible point £ to an 
inaccessible point A . Walking from B along 
the line AB he takes 50 steps to F. Then he 
walks in a convenient direction 50 steps to C, 
and notes that A and B subtend a certain angle. 
He then proceeds along the same straight 
line until he reaches a point D at which A 
and B again subtend the same angle as at C 
He then concludes that DC = AB, Is this 
conclusion correct? Give proof. 

19. If the height of a building is known, show how the method of 
Ex. 18 can be used to determine the height of a flagstaff on it. 

20. A building is 130 feet high, and a flagstaff on the top of it is 
60 ft. high; 130 feet from the base of the building in a horizontal 
plane, the flagstaff subtends a certain angle. How far from the build- 
ing along the same line is there another point at which the staff sub- 
tends the same angle? At what distance does it subtend the same 
angle as it does at 300 feet? 

21. If the diagonals of an isosceles trapezoid are drawn, what similar 
triangles are produced? 

22. Find the locus of points at a flxed distance from a given tri« 
angle, always measuring to the nearest point on it. 

23. The line bisecting the bases of any trapezoid ^ f S 
passes through the point of intersection of its 
diagonals. 

Suggestion. Let E bisect DC^ and draw EO 
meeting AB in F, Prove AF = FB. 

24. If two triangles have equal bases on one of two parallel lines, 
and their vertices on the other, then the sides of these triangles intercept 
equal segments on a line parallel to these and lying between them. 

25. A segment bisecting the two bases of a I) JP c 
trapezoid bisects every segment joining its other //|\A 
two sides and parallel to the bases. -^/^ I ^^ 

(Prove EF=HG and FK= KH, using Ex. 24.) ^ ^ 

26. In a triangle lines are drawn parallel to one side, forming trap- 
ezoids. Find the locus of the intersection points of their diagonals. 
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27. Iti the figure D, E, F arv the middle points of the sides of sn 
equilateral AABC. Arcs are constructed with centers A, S, C aa 
shown in the figure. 

(a) Prove tli&t these arcs are tangent in pairs at 
the points D, E, F. 

(A) Construct a circle tangent to the three arcs, 
(c) What axes of symmetry has this figure? 

28. In the figure ABC is an equilateral triangle. 
AnaAB, BC, and CA are constructed with C, A, 
and B as centers. AF, BE, CD are altitudes of 
the triangle. 

Prove OG tangent to XS, £(?, and (?3. 

29. In the equilateral triangle ^BC, ^, ^, 
and CA are constructed as in the preceding ex- 
ample. SS, ^7<', Ph are constructed as in 
Ex.27. The figure is completed making ADE, 
DFB, and EFC similar to ABC. 

(a) Construct a circle tangent to X2>, i>£, and 
S^ as shown in the figure. 

(6) Construct a circle tangent to £i), 2^, 
and J^. 

30. In the figure -4 CS is a semicircle. Arcs 
DE and DF are constructed with B and A as 
centers. If AD = 4 feet, find the radius of O OC. 

Solution. Show that the value of r is derived 
from the equation (4 + r)" = (4 - r)' + 4'. A D B 

31. Construct the accompanying design. Notice that the points 
A, B, M, N, F, E divide the circle into six equal arcs. See Ex. 5, 



From BuynKin Cathedral, England 
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51S3. The arcs AO, OB, etc., and the circle with center O', ore 
oonstructed as in Ex. 38. The aniall circle with center at Q is ecm- 
Bttucted aa in the preceding example. 

32, ABCh an equilateral arch and AEB is a aemicircle. 

(a) If AB (the apan of the arch) is 10 feet, 
find the radiua of the small circle tangent to 
the aemicircle and the arcs of the arch. 

(b) Find the radius 0£ of the circle if 7lB = s. 

(c) ItOE = 2,&odAB. 

33. The accompanying deal gn conaiatsof three 
Bemicirctes and three circlea related aa ahown in the figure. 

(n) U AB^ 12, find OQ by using the triangle OSD. 
method la similar to that used in Ex. 30. 

(6) TJaing the right triangle DRO', find 
(fx. Notice that in order to have the circles 
vith the centers O and O* tangent to each 
other the aunj of their radii must be equal 
to RD. 

(c) Jf AB = i ahow that 0Q=| and 




12 



and construct the figure. 



34. Upon a given segment AB construct 
the design shown in the figure. Notice that 
it conaistH of the two preceding figures put 
t^igether. Compare the radii of the circles 
in this design. 




A Ji H 

Oapedale Haggiure, Milan. 
35. Between two parallel linea construct 
semicircles and circles as ahown in the figure. 

Solution. Suppoae the construction made. Let tiE = r, and 
OQ = r*. Using the triangle EHO, show that r' = j and then con- 
struct the figure. 
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36. Between two parallel lines construct circles itnd equilateral 
arches as shown in the figure. 



Tbe Doge's Palace, Venice. 
Hint. AQ = 2PH ^ad AH = SPH. 

Hence 'H^ =TPH* ~2PW = 6 PB*. 

That is, Pfl:HQ = l:%/5. (Why?) 

Now divide AC into two s^^ente proportional to 1 and V^ and 
BO oonstract the figure. 




E D F 

37. ABC is an equilateral arch. AD = DB, AF=EB=iAB. 
Seroicircleg are constructed with B and F aa centers, and radius FB. 
(a) If AB = t, find OH and construct the figure. 

Solution. Let OH = r. Then BO = >-r, FB = -, DF = '-, 
. 3 8 

TO = | + r. 

FromAODB, 0^= OB"- DB'= (»-r)'- [|) . (1) 



. FroraAODF, 0D'=0F'-DF' = 



Hence, show that r= (s. 

Construct the figure. 

((•} If in the preceding 0^ = 4 feet, find ^S and ^F. 
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38. Between two parallel lines construct 
circles and semicircles having equal radii as 
shown in the figure. 

Prove that the ratio :^ = ^^, RLK being 

HQ RS 

an equilateral triangle and KS = SL. 

Divide CA in the ratio of SL iRS. 

39. Through a fixed point on a circle chords are drawn and each 
extended to twice its length. Find the locus of the end-points of 
these segments. Compare £x. 6, § 214. 

40. If a quadrilateral is ch'curascribed about a circle, show that 
the sums of its pairs cf opposite sides are equal. 

41. On a diameter produced of a given circle, find a point from 
which the tangents to the circle are of a given length. Solve this 
problem by construction, and also algebraically. 

42. Compare the perimeters of equilateral triangles circumscribed 
about and inscribed in the same circle. 

43. In a given square construct semicircles each tangent to two 
sides of the square and terminating on the diameters of the square. 

Construction. Connect E and F two ex- 
tremities oi diameters and on EF as a diame- 
ter construct a semicircle with center at 0'. 
Draw (yH perpendicular to AB meeting the 
arc in H. Draw OH meeting AB in K. Draw 
KO" perpendicular to AB meeting the diagonal 
AC in Off. Then 0" is the center of the re- 
quired circle. 

Proof. Draw 0"L II FE. We need to prove that O'^K = O^'L. 

AOO'^-AOO"L, andhence ^' = ^. (Why?) (1) 




Also A OO'H -^ A OOf'K, and hence 



0"Z o"/r 



OOf O'E 

00" ^ O'fK 
00' O'E 



(2) 



From (1) and (2) 

^ ^ ^ ^ O^E O'H 

But O'E = O'H, and hence O'fL = 0''K. 



(Why?) 



This figure occurs in designs for steel ceilings. 



CHAPTER IV. 

AREAS OP POLYGONS. 

AREAS OF RBCTAN0LE8. 

800. Heretofore certain properties of plane figures have 
bepn studied, such as congruence and similarity^ but no 
attempt has been made to measure the extent of surface 
inclosed by such figures. For this purpose we first con- 
sider the rectangle. 

801. The surface inclosed by a rectangle is said to be 
exactly measured when we find how many times some 
unit square is contained in it. 



E,g, if the base of a rectangle is five units |"'|"""i"~'t~1 
long and its altitude three units, its surface con* ••■■"r""j"~i""}""" 
tains a square one unit on a side fifteen times. 6 aniu 

302. The number of times which a unit square is con- 
tained in the surface of a rectangle is called the numerical 
measure of the surface, or its area. 

We distinguish three cases. 

303. Cftse 1* l^f the sides of the given rectangle are in- 
tegral multiples of the sides of the unit square, then the 
area of the rectangle is determined by finding into how 
many unit squares it can be divided. 

Thus if the sides of a rectangle are m and n units respectively, then 
it can be divided into m rows of unit squares, each row containing n 
squares. Hence the area of such a rectangle is m x n unit squares^ that 
is, in thia case, «re* = base x altitude. (1) 
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804. Case 2. If the sides of the rectangle are not m<«- 
gral multiples of the eide of the chosen ouit square, hut 
if the side of this square can be divided into equal parts 
such that the sides of the rectangle are integral multiples 
of one of these parts, then the area of the rectangle may 
be expressed integrally in terms of this smaller unit square, 
and fractionally in terms of the original unit. ' 

For example, if the base is 3.4 deci' 
meters and the altitude 2.6 decimeters, 
then the lectangle cannot be exactly di- 
vided into square decimeters, but it can 
be exactly divided into square centi- ; 
meters. Each row contains 84 centi- 
meters and there are 2S such rows. 

Hence, the area is 34 x 26 = 884 
small squares or 8.84 square decimeters. 

But 3.4 X 2.6 = 8.84. Hence, in this case also, 

uea = base x altitude. (2) 

306. Case 3. If a rectangle is such that there exists no 
common measure whatever of its base and altitude, then 
there is no surface unit in terms of which its area can be 
exactly expressed. But by choosing a unit sufficiently 
small we may determine the area of a rectangle which 
differs as little as we please from the given rectangle. 

E.g. if the base is 5 inches and the altitude is v'S inches, then the 
rectangle cannot be exactly divided into equal squares, however smalL 

But since Vfi = 2.236L.<, if we take as a unit of area a square 
whose side is one one- thousandth of an inch, then the rectangle whose 
base is 5 inches and whose altitude is 2.236 inches can be exactly meas- 
ured as in cases 1 and 3, and its area is 5x2.2-36^11.18 square inches. 

The small strip by which this rectangle differs from the given rec- 
tangle is leas than .0003 of an inch in width, and its area is less than 
6 X .0002 = .001 of a square inch. 

By expressing v^ to further places of decimals and thus using 
■mailer nnits of area, successive rectangles may be found which differ 
lees and less from the given rectangle. 
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306. An area thus obtained is called an approximate 
area of the rectangle. 

For practical purposes the surface of a rectangle is 
measured as soon as the width of the remaining strip is 
less than the width of the smallest unit square available. 

From the foregoing considerations we are led to the 
following preliminary theorem: 

307. Theorem. The area of a rectangle is equol to 
the product of its base and altitude. 

308. The argument used above shows that the theorem 
(§ 807) holds for all rectangles used in the process of 
approximation, and hence it applies to ^11 practical meas- 
urements of the areas of rectangles. 

AREAS OF P0LT60NS. 

309. From the formula for rectangles, 

area = base x altitude, 

we deduce the areas of other rectilinear figures by means 
of the principle : 

Two rectilinear figures are equivalent (that is, have the 
same area) if they are congruent, or if they can be divided 
into parts which are congruent in pairs. 

E.g, the two figures here shown are equiv- 
alent since ^ I and III are congruent respec- >^\ ^^J/ 
tively to II and IV. ^ 

It can be shown that for any two given rectilinear figures, either it 
is possible to divide them into parts which are congruent in pairs, or 
one of the figures incloses a greater area than the other. Hence the 
test specified is sufficient for all rectilinear figures. 

The symbol = joining two polygons means equivalent 
or equal in area. 
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310. Theorem. The area of a parallelogram is equal 
to the product of its base and altitude. 

D E C F 



rn 



Given the parallelogram ABCD whose base is AB and whose 
altitude is AE. 

To prove that area ABCD = ABx AE. 

Proof : Draw BF -L to DC produced, forming the rec- 
tangle ABFE^ whose base is AB and altitude AE. 

Then area ABFE = AB xAE (Why ?). 

If now we prove Al^AlI, then the parallelogram is 
composed of parts I and III which are congruent respec- 
tively to parts II and III of the rectangle, and hence the 
parallelogram and rectangle are equal in area. Give this 
proof in full. 

311. BXBRCISBS. 

1. In the figure CF is perpendicular to AB and AE to CB, 
Prove that ABx CF:=BC x AE. 

Suggestion. (Show that AABE -^ ACBF.) 

It follows that the same result is obtained if either 
of two adjacent sides of a parallelogram is taken 
as the base. ^ ^ ^ 

2. Construct the figure described in Ex. 1 in such manner that 
the point E falls on BC extended and prove the theorem in that case. 

In the following l^ and l^ are parallel lines. 

3. Two parallelograms have equal bases lying on l-^ and /g* Show 
that they are equivalent. 

4. One base of a parallelogram is fixed on /^ and the other moves 
along /g. Does the area change ? 
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312* Theokem. The area of a triangle is equal to 
one half the product of its base and altitude. 

Given the A ABC whose altitude 
upon the side AB is CD. 

To prove that the area of 

AABC^l (^AB X CB). 

Proof : Let o be the middle 
pei^int of AC. Complete the 
parallelogram ABFO. 

Prove that A COH ^ A BFH^ and hence show that A ABC 
and O ABFO have equal areas. 

Hence the area of A ABC ^ ED x AB. But ED = J CD. 

Hence the required area is J (^AB x CD^. 




313. 
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1. Prove the theorem of § 312 us- 
ing the accompanying figure. 

2. Prove this theorem also by draw- 
ing a figure in which the given triangle 
is one half of a parallelogram. 

3. If the middle points of two -A B 
adjacent sides of a parallelogram are joined, a triangle is formed 
whose area is equal to one eighth of the area of the parallelogram. 

In the following exercises /j and l^ are parallel lines. 

4. Show that two triangles are equivalent if their vertices lie in 
/g. and their equal bases in /j. 

5. A triangle has a fixed base in l^. If its vertex moves along Z^, 
what can you say of its area? 

6. If the base of a triangle is fixed and if its vertex moves so as to 
preserve the area constant, what is the locus of the vertex ? 

7. A line is drawn from a vertex of a triangle to the middle point 
of the opposite side. Compare the areas of the triangles thus formed. , 

If a seginent is drawn from the vertex to the point P in the base 
ABy show that the areas of the triangles are in the ratio APiPB, 
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814. Theorem. The area of a trapezoid is equal to 
one half the sum of its bases multiplied by its altitude. 

Proof : Draw a diagonal, thus 
forming two triangles having a 
common altitude. Form the ex- 
pression for the sum of the areas 
of these triangles. '^ ^ 

Give the proof in detail. 

315. Theorem. The square erected on the sum of two 
line-segments as a side is equal to the sum of the squares 
erected on the two segments separately, plus twice the rec- 
tangle whose base is one segment and whose altitude is the 
other segment. 

Proof : Let a and ( represent the numerical 
measures of the two line-segments. Then, the 
square erected upon the segment a+b may be 
subdivided as shown in the figure, giving 

Qa + by= a^+2ab + b\ 
Give the construction and proof in full. 



b <tb 



ab 

I 

b 
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1. Show by a figure that 
(a + ft + c)a = a^ + 62 4- c^ + 2 aft + 2 ac + 2 6<?. 



2. If ABC is any triangle and ADj BE, and CF are its altitades, 

fL5 = rd^ and ^ = ^ ^ 

CF AC 



show that ^„ ^_ 
BE BC 

Hence show that 

ADy^CB^BExCA^CFy, AB. 

3. The side AB oiO ABCD is fixed. What p ^^ 
is the locus of the points C and D if CD moves so as ^- 

to leave the area of the parallelogram fixed ? 
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817. Theorem. The square erected on the difference 
of two line-segments as a side is equal to the sum of the 
squares erected on the two segments 
separately, minus twice the rectangle 
whose base is one of the segments and 
whose altitude is the other. 

Proof : Use the figure to show that 
Give the construction and proof in detail. 



a-b 

I 
Orb ! 
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318. BXBRCI8B8. 

1. Show by a figure that 

(a — b)(a — c) = a^ + bc ^ ab ^ ac. 

2. Likewise, show that (a + 6) (a — ft) = a* — ft^. 

3. Show by counting squares in the accompany- 
ing figure that in case of an isosceles right triangle 
the square constructed on the hypotenuse is equal 
in area to the sum of the squares on the two legs. 

4. In case the triangle is scalene, show 
by counting squares and congruent parts 
of squares that the square constructed on 
the hypotenuse is equal in area to the sum 
of the squares on the other two sides. 

5. Using the third figure, show that the 
same theorem holds for any right triangle. 

Hint. Call the legs of the given triangle 
a and 6. Describe the construction of the 
auxiliary lines and give the proof in full. 

This theorem is proved again in the next 
paragraph and was also proved in § 262. 
The proof just given is due to Bh&skara 
(born 1114 a.d), who constructed the figure and simply said 
« Behold 1 " 
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819. Theorem. The area of the square described on 
the hypotenuse of a right triangle is equal to the sum of 
the areas of the squares described on the other two sides. 




Given th6 right triangle ABC^ and the squares I, II, and III con- 
structed as shown in the figure. 

To prove that D I = D II + □ III. 

Proof : Complete the rectangle ABCE. 

Construct A GFH ^ A ACE, 

Draw EH and produce AE to meet the line FH at K, 

Prove that (a) AAEC^Ahek. 

(J) AEHG is a parallelogram whose base AE and alti- 
tude UK are each equal to a side of D III. 

(<?) ECFH a parallelogram whose base EC and altitude 
EK are each equal to a side of DII. 

But these two parallelograms together are equivalent 
ton I (Why?). 

The student should give the proof in detail, making an outline of 
the steps and showing how each step is needed for the next. For ex- 
ample, why is it necessary to prove A HEK ^AAEC, 

Compare the various proofs of this theorem that are given in this 
book. The method of counting squares shown on the opposite page 
is applicable to all cases where the two sides are commensurable. 
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Historical Note. The theorem of § 319 is one of the most impor- 
tant in all mathematics. It is now fairly certain that the general 
theorem was first stated and proved by Pythagoras, though the story* 
that he sacrificed 100 oxen to the gods on the occasion may be ques- 
tioned. Special cases of the theorem were known to the Egyptians 
as early as 2000 b.c, e,g, that a triangle whose sides are 3, 4, 5 is 
right-angled. 

In this connection the Pythagoreans also discovered the irrational 
number, that is, that there, are numbers such as v^ which cannot be 
expressed exactly as integers or as ordinary fractions. 

320. BXBRCISBS. 

1. The bases of a trapezoid are 8 and 12 inches, and its altitude is 
8 inches. Find its area. 

2. The bases of a trapezoid are 16 and 20 inches, respectively, and 
the area of the smaller of its component triangles is 80 square inches. 
Find the area of the trapezoid. See the figure in § 152. 

3. State in words the geometric theorem indicated in each of the 
following, and draw a figure to illustrate each case : 

(a) h(a-{-b)=ah + bh, 

{h) (a + by + (a _ 6)2 = 2 (a^ + 6«). 
(c) (a + 5)2-(a-b)a = 4a5. 

4. Show that the rectangle whose base is a + 6 and whose altitude 
is a — b has the same perimeter as the square whose side is a. By 
means of Ex. 2, § 318, compare their areas. 

5. If two triangles have the same base but their vertices are on 
opposite sides of it, and if the segment joining their vertices is bi- 
sected by the common base, extended if necessary, then the two 
triangles are equivalent. 

6. State and prove the converse of the theorem in the preceding 
exercise. 

7. The bases of a parallelogram lie on the parallel lines l^ and /^ 
A triangle whose base is equal to that of the parallelogram has its 
vertex in l^ and its base in /g* Compare their areas. 

8. Prove that all triangles having the same vertex and equal bases 
lying in the same straight line are equal in area. 
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321. Theorem. The areas of similar triangles are in 
the same ratio as the squares of any two corresponding 
sides, or as the squares of any two corresponding altitudes. 




I — 




A . CD ^ C^'if 

Given A ABC and A^^C, with altitudes BD and Bllf. 
To prove that 

area A ABC 



AB 



BC 



area Aa'b'& A^ Fc^ 



CA 
&A'^ 



BD 
B^ 



Proof: 



But 



areaA^BC _ l(ACXBD) _ AC BD 
area Aa^b'c' ^(^'C x b^d')" a'c^ b'd^ 



AC 



BD 



Hence 



A^& B'D' 
area A ABC A^ 



BD 



Why? 

Why? 

area A-A'b'c/ a^ b'd'^ 

Give the proof for each of the other pairs of corre- 
sponding sides. 

322. BXBRCISB. 

Verify the preceding theorem by counting triangles in the accom- 
panying figure. 
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323. THEOJaEM. The areas of two similar polygons 
are in the same ratio as the squares of any two corre- 
sponding sides or any two corresponding diagonals. 



-~^c' 




E E' 

Outline of Proof: Let I, II, — , V, H, 
areas of pairs of similar triangles. 

r 11' 111' iv' 
I +11 +111 +1V I 



Show (1) 



(2) 
(3) 



r + ii' + iii' + iv 1' 

ABCDEF _ I AB 

a^b^&d^e'f' V 



stand for the 
(§ 271.) 

(By §321.) 
(By § 268.) 



i^B^ J5'C'^ 



Give the proof in detail. 



324. 
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1. Verify the above theorem by counting the number of equal 
hexagons into which these 
two similar hexagons are 
divided, and also taking the 
square of the length of one 
side in each, using a side of a 
small hexagon as a unit. 

2. A certain triangular 
field containing 2 acres is 10 
rods long on one side. Find 
the area of a similar triangular field whose corresponding side is 50 rods. 
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3. The areas of two similar triangular flower beds are 24 square 
feet and 36 square feet respectively. If a side of one bed is 8 feet, find 
the corresponding side of the other. 

4. If similar polygons are constructed on the three sides of a right 
triangle, show that the one described on the hypotenuse is equivalent 
to the sum of the other two. 

Suggestions. Let a, h, e represent the two legs and hypotenuse of 
the triangle and A,B,C the areas of the corresponding polygons. Then 

A=^\nd^=^:. 

C c^ C c^ 

Hence djt^ = ?-±^ = ^=l or A + B= C. Give all reasons in 
C c^ c^ 

full. 

5. Find a line-segment such that the equilateral triangle described 
upon it has four times the area of the equilateral triangle whose side 
is 3 inches long. 

6. Show that the square on the altitude of an equilateral triangle 
is three fourths the square on a side. 

7. If in a right triangle a perpendicular is let fall from the vertex 
of the right angle to the hypotenuse, show that the areas of the two 
triangles thus formed are in the same ratio as the adjacent segments 
of the hypotenuse, and also as the squares of the adjacent sides of the 
triangle. 

8. Draw a line from a vertex of a triangle to a point in the oppo- 
site side which shall divide the triangle into two triangles whose ratio 
is 2 : 5. Also 2 : 1. 

9. Divide a parallelogram into three equivalent parts by lines 
drawn from one vertex. Use the last construction in Ex. 8. 

10. The sides of two equilateral triangles are 8 and 6 respectively. 
Find the side of an equilateral triangle whose area shall be equivalent 
to their sum. Use the result in Ex. 4. 

11. State and solve a problem like the preceding for the difference 
of the areas. 

12. Corresponding sides of two similar triangles are a and b. 
Find the side of a third triangle similar to these whose area is equal 
to the sum of their areas. 

13. Likewise for any two similar polygons. 
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coNSTRUcnons. 

The theorems of |;hi8 chapter lead to numerous construc- 
tions of practical importance. 

325. Problem. To construct a square equivalent to 
the sum of two or more given squares. 

Construction. In the case of two given squares, con- 
struct a right triangle whose legs are sides of the two 
given squares. How is the desired square obtained ? 

In the case of three given squares, use the square result- 
ing from the first construction together with the third 
square, and so on. 

Give the construction and proof in full. 

326. Problem. To construct a square equivalent to 
a given rectangle. 

Construction. If the base and altitude of the rectangle 
are h and a respectively, we seek the side « of a square 
such that «2=^j; that is, we seek a mean proportional 
between a and J. See Ex. 4, § 295. 

Give the construction and proof in full here. 

327. Problem. To construct a square equivalent to a 

given triangle. 

Construction. Show how to modify the preceding con- 
struction to suit this case. 

328. BXERCISBS. 

Show how to construct each of the following : 

1. A square equivalent to the difference of two given squares. 

2. A square equivalent to the sum of two given rectangles. 

' 3. A square equivalent to the sura of two given triangles. ■ C'-'^ 

4. A square equivalent to the difference of two given rectangles, 
also to the difference of two given triangles. 
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829. Problem. To construct a triangle equivalent to 
a given polygon. c 



Given the polygon ABODE. 

To construct the triangle PCO equivalent to ABODE, 

Construction. Cut oS. AABC by the segment AC. 

Through B draw BP II ^C to meet EA extended at P. 

Draw CP. 

In a similar manner draw CO. 

Then PCO is the required triangle. 

Proof : PCDE = ABODE since A APC = A ABC (Why ?). 

Further, PCDE has one less vertex than ABODE. 

But A PCO = PCDE since A ECD = A ECO (Why?). 

Hence, A PCO is equivalent to the given polygon. 

830. Problem. To construct a rectangle on a given 
hose and equivalent to a given parallelogram. 

Construction. Let b and h be the base ^^ 

and altitude of the given parallelogram, V 
the base of the required rectangle^ and x 
the unknown altitude. 

Then we are to determine x so that 
Vx = 6A, that Is, V ih^hix. 

Hence, x is the fourth proportional to 5^ (, and A. 
(See § 291.) Construct this fourth proportional, showing 
the complete solution. 

This construction is attributed to Pythagoras. It represents a 
much higher achievement than the discovery of the Pythagorean 
proposition itself. 
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331. BXBRCISBS. 

1. Show how to modify the last construction in case the given 
figure is a triangle. Give the construction. 

2. Construct a rectangle on a given base equivalent to a given 
irregular quadrilateral. 

3. Construct a rectangle on a given base equivalent to an irregu- 
' lar hexagon. 

4. On a side of a regular hexagon as a base construct a rectangle 
equivalent to the hexagon. 

5. Construct a parallelogram on a given base equivalent to a given 
triangle. Is there more than one solution ? 

6. Construct a square whose area shall be three times that of 
a given square ; five times : one half the area ; one fifth. 

7. Construct an isosceles triangle, with a given altitude A, equiva- 
lent to a given triangle. 

8. Draw a line parallel to the base of a triangle and cutting two 
of its sides. How will the resulting triangle and trapezoid compare 
in area, 

(a) If each of the two sides of the triangle is bisected? 
(h) If each of the two sides of the triangle is three times the 
length of the corresponding side of the trapezoid ? 

9. Construct a triangle whose base and altitude are equal and 
whose area is equal to that of a given triangle. 

10. In a parallelogram ABCD, any point E on the diagonal BD is 
joined to A and C. Prove that A BE A and BEC are equivalent, and 
also that A DEA and DEC are equivalent. 

11. The sides of a triangle are 6, 8, 9. A line parallel to the 
longest side divides the triangle into a trapezoid and a triangle of 
equal areas. Find the ratio in which the line divides the two sides. 

12. Draw a line parallel to the base of any triangle, and cutting two 
of its sides. How do the altitudes of the resulting triangle and trape- 
zoid compare, 

(a) If they are equal in area? 

(li) If the area of the triangle is three times that of the trapezoid? 





ABEA8 OF POLYGONS. 169 

13. Through a point on a side of a triangle draw 
a line dividing it into two equivalent parts. 

Solution. Let P be the given point. Draw the 
median BD. Draw BE \\ PD and draw PE. This is 
the required line. Prove. 

Suggestion. Notice that ADPE = ADPB by 
Ex. 4, § 313, and hence that AEOD = A BOP. 

14. Through a given point on a triangle draw a line which divides 
it into two figures whose areas are in the ratio ^ 

15. Inscribe a circle in a triangle, touching its 
sides in the points Z), E, F, With the vertices 
as centers, construct circles passing through these 
points in pairs. Show that each of these latter 
circles is tangent to the other two. 

SUMMARY OP CHAPTER IV. 

1. State what is meant by the area of a rectangle. Give the 
formula. 

2. Give formulas for areas of parallelograms and triangles. 

3. How is the formula for the area of a trapezoid obtained? 

4. What theorems of this chapter can be stated algebraically, as 
(a + by = a^ + 2ab + b^. 

5. State the theorem on the ratio of the areas of two similar tri- 
angles ; two similar polygons. Give examples. 

6. Tabulate the problems of construction given in this chapter. 

7. If two rectangles have the same base, how does the ratio of 
their areas compare with the ratio of their altitudes? 

8. If two triangles have equal altitudes, how does the ratio of their 
areas compare with the ratio of their bases? 

9. State all theorems of this chapter proved by means of the 
Pythagorean proposition. 

10. State some of the more important applications of the theorems 
in this chapter. Return to this question after studying the succeeding 
list of problems. 
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PROBLEMS AND APPLICATIONS. 

1. Find the area of a square whose diagonal is 6 inches. 

2. Find the area of a square whose diagonal is d inches. 

3. ABCD is a square placed at the crossing of two strips of equal 
width, as shown in the figure. The small black 
square has two vertices on the sides of the horizontal 
strip and two on the sides of the vertical strip. 

(a) Find the area of each square when the width 
of the strips is 4 inches. 

(6) Compare the area of the black square and 
the white border surrounding it. 

(c) Can squares be placed as in the figure in case the strips are of 
unequal width? In the two following questions let the small square 
be drawn with two vertices on the sides of the horizontal strip and 
one diagonal parallel to these sides. 

(d) If the horizontal strip is 4 inches wide, what must be the 
width of the vertical strip in order that the large square may have 
twice the area of the small one? 

Hint. The diagonal of the small square is 4 inches. 

(e) If the horizontal strip is a inches wide, what must be the 
width of the vertical strip in order that the area of the black square 

shall be - the area of the larger square? 
n 

4. Prove that the area of a rhombus is one half the product of its 
diagonals. 

5. Prove that the area of an isosceles right triangle is equal to 
the square on the altitude let fall upon the hypotenuse. 

6. If the diagonals of a quadrilateral intersect at right angles, 
prove that the sum of the squares on one pair of opposite sides is 
equal to the sum of the squares on the other two sides. 

7. Inscribe a square in a semicircle and in a quadrant of the 
same circle. Compare their areas. See Ex. 8, page 147. 

8. In the triangle ABC, CD is an altitude. E is 
any point on CD, If DE is one half CD, compare the 
area of the triangle AEB and the sum of the areas of 
the triangles A EC and BEC. Also compare these areas 
if DE is one nth of DC. 
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9. ABCD is a. square, and E, F, O, H foe the middle points of its 
sides. On EF, points N and Q are taken eo ttiat n o o 

PN = PQ. Similarly KL = KM, also KL = NP, 

(a) Prove that AMOL is a rhombus. ^ 

f4) If JB = 6 inches and if KM = ME, find 
the sum of the areas of the four rhombuses ^MOi., 
BQON, etc. 

(c) If HE = 8 inches, what b the area of the 
whole square? 

(d) What part of ££ must fjlf be in order that 
the sum of the rhombuses shall be \ the area of the 
square? 

(e) If AB = a, find KM so that the sum of the 

rhombuses sh^l be — the area of the square. 

n Parquet Flooring. 

(/) Frore that L, 0, R lie in the same straight line. 

10. ^BCZ^isasquare and £,F,<?,fiare the middle pointsof its 
aides. SN=PK=QL = RM. 

(a) If AB = 6 inches and if PK = 1 inch, find 
the sum of the arvas of the triangles EHN, EFK, 
F6L, and OHM. 

(6) If AB = 6, find PK so that the sum of the ^'f^ 
four triangles EFK, etc., shall be one fifth of the 
whole square. 

(c) It ^B = 6 and if the points E, K, Q lie in 
a straight line, find the sum of the areas of these 
triangles. 

id) If AB = a and if PK = one nth of PO, 
find the sum of the areas of the triangles. 

(«) It AB = a, find PK so that the sam of the 
triangles shall be ons tnth of the whole square. 
What will be the length of- PK in case the tri- Parquet Flooring. 
angles occupy one half of the whole square? 

11. The aides of two equilateral triangles are a and h respectively. 
Find the side of an equilateral triangle whose area is equal to the sum 
ai their areas. 
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12. Construct a triaDgle Bimilar to a given triangle and having 1(S 
times the area. 

13. The middle points of the sides of a quadrilateral are con* 
nected. Show that the area of the parallelogram so formed is half the 
area of the quadrilateral. 

14. A BCD is a square. Each side is divided 
into four equal parts and the construction com- 
pleted as shown in the figure. 

(a) Prove that QNOH, KLOE, etc., are par- 
allelograms. 

(h) What part of the area of the square is oc- 
cupied by these four parallelograms? 

(c) What part of the area of the square is oc- 
cupied by the four triangles NEO, LGOj PFO, 
&nd MHO? 

(d) If ^j5 = 6, find the lengths of KO and 

QP- 

(e) Find the ratio of the segments KO and 
QP, Does this ratio depend upon the length of 
AB? 

(/) In the parquet floor design what fraction is made of the dark 
wood? Does this depend upon the size of the original square? 

15. On a given linensegment AB aa & hypotenuse construct a right 
triangle such that the altitude upon the hypotenuse shall meet it at a 
given point D. 

16. If ABC is a right triangle and CD±AB, /^ ^"^.C 




Parquet FlooriDg. 



prove that 



AC^ _AD 
DB 



CB' 




17. By means of Exs. 15 and 16 construct two segments HK and 
LM such that the ratio of the squares on these segments shall equal a 
given ratio. 

18. Divide a given segment into two segments such that the areas 
of the squares constructed upon them shall be in a given ratio. 



19. On a given segment AB find a point D such that 



At 

A-& 



= 2. 



20. Construct a line parallel to the base of a triangle such that the 
resulting triangle and trapezoid shall be equivalent. 
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21. Construct two Unea parallel to the base of a triangle so tbat 
the resulting two trapezoids and the triangle shall have equal aiea*. 






22. Id each of the accompanying de- 
Bigns for tUe flooring find what fraction 
of the space between the lines AB and 

CD is occupied by tiles of each color. 

Study each design with care to 
see that the character of the figure 
determines the relative sizes of the 
various pieces of tile. 

23. ABCD is a square. Points E, F, O, — are so taken that 
AE = AF= GB = BH= -. . 

(a) If AB= 6 8nd^F=l, findthesumof the li.Jf- 
areas of the four triangles EFO, GHO, RLO, 
MNO. 

(fi) Find the sum of these areas if ^S = a and 
AF = h. 

Cc) If JS = 6 and if the sum of the areas of A"F""'a"B 
the triangles is 9 square inches, find A F, 

((/} If ^S = a and if the sum of the areas of the triangles is —, find 
AF. Interpret the two results. 

24. Show how to construct a square whose area is » times the area 
of a given square. 

25. Construct a triangle umilar to a given triangle and equivalent 
to n times ito area. 

26. Construct a hexagon similar to a given hexagon and equivalent 
to n times its area. 

27. Show how to construct a polygon similar to a given polygon 
and equivalent to » times its area. 
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28. The alternate middle points of the sides of & regul&r hezi^tin 
are joined as- shown in the figure. 

(a) Are the triangles thus formed equilateral? Prove. 

(b) Is the star regular (i.e. are its six acute angles equal and its 
■ides equal) ? 

(c) Compare the three segments into which each triangle divides 
the sides of the other. 

(d) Is the inner hexagon regular? Frore. See Ex. I, p. 76. 




(e) If AB = 6 in., find the ares of the large hex^on, the star, and 
the small hexagon. 

29. A border is to be constructed about 
a given square with an area equal to one 
half that of the square, 

(a) By geometrical construction find the 
outer side of the border if the dde of the 
square is given. 

(6) If an outer side of the border is 24 
in., find a side of the square, its area being 
two thirds that of the border. Ce"'"S Patwni. 

30. A border is constructed about a 
given regular octagon, such that its area is 
equal to that of the octagon. 

(a) If a side of the given octagon is a 
given segment AB, fiud by geometrical 
construction a segment equal to an outer 
side of the border. 

(V) If a side of the given octagon 

is 16 in., find an outer side of the .. . 

border. CelUoa; Pattern. 
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31. The accompanymg design is based on 
a set of squares such as ABCD. The small 
triangles are equal isosceles right triangles 
constructed as shown. 

(a) Are the vertical and the horizontal 
sides of the octagons equal? 

(6) Are the octagons regular ? 

(c) If a side of one of the squares is 6, find 
the area of one of the octagons. 

(e/) What fraction of the whole tile design 
is occupied by the light-colored tiles? Does 
this depend upon the size of the original 
squares ? 

32. Given two lines at right angles to each 
other. Find the locus of all points such that 
the sum of the squares of the distances from the lines is 25. 

33. Given two concentric circles whose radii are r and r'. Find 
the length of a chord of the greater which is tangent to the 
smaller. 

34. If two equal circles of radius r intersect so that each passes 
through the center of the other, find the length of the common 
chord. 

35. The square on the hypotenuse of a right triangle is four times 
the square on the altitude upon the hypotenuse. Prove it isosceles. 

36. In a right triangle the hypotenuse is 10 feet and the difference 
between the other sides is 2 feet. Find the sides. 

37. Two equal circles are tangent to each other and each circle is 
tangent to one of two lines perpendicular to each other. Find the 
locus of the points of tangency of the two circles. 

SuoGESTiON. Note that the point of tangency bisects their line of 
centers and that the centers move along lines at right angles to each 
other. 

38. The square on a diagonal of a rectangle is equal to half the 
sum of the squares on the diagonals of the squares constructed on 
two adjacent sides of the rectangle. 

39. Show that the diagonals of a trapezoid form with the non- 
parallel sides two triangles having equal areas. 



CHAPTER V. 

BEGULAB POLYGONS AND CIBGLBS. 

REGULAR P0LT60HS. 

332. A regular polygon is one which is both equilateral 
and equiangular. 

According to this definition, determine whether each of 
the following polygons is regular or not and state why : 

An equilateral triangle, an equiangolar triangle, a rectangle, a 
square, a rhombus. Draw a figure to illustrate each. Make a triangle 
which fulfills neither condition of the definition, also a quadrilateral. 

333. The general problem of constructing a regular 
polygon depends upon the division of a circle into as many 
equal parts as the polygon has sides. 

The problem of dividing the circle into equal parts can 
be solved in some cases by the methods of elementary 
geometry, and some of these methods will be considered 
in this chapter. In most cases this problem cannot be 
solved by elementary methods. 

E,g, the fircle may be divided into 2, 3, 4, 5, 6, 8, 10, 12, 15, equal 
parts, but not into 7, 9, 11, 13, 14, equal parts. 

If a circle has already been divided into a certain num- 
ber of equal parts, it may then be divided into twice, four 
times, eight times, etc., that number of parts by repeated 
bisection of the arcs. (See § 204, Ex. 1.) 

The division of the circle into equal parts depends upon 
the theorem (§199) that equal central angles intercept 
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equal arcs on the circle, and hence it involves the subdi- 
vision of angles into equal parts. 

The following exercises depend upon principles already 
familiar. 

With each solution give the reasons in full for each step. 

All constructions are to be made with ruler and com- 
passes only. 

334. BXBRCISBS. 

1. Divide a given angle or arc into four equal parts. 

2. Divide a given angle or arc into eight equal parts. 

3. If an angle or arc is already divided into a certain number of 
equal parts, show how to divide it into twice that number of equal 
parts. 

4. Divide a circle into four equal parts. 

5. Divide a circle into eight equal parts. 

6. If a circle is already divided into a certain number of equal 
parts, show how to divide it into twice that number of equal parts. 

7. Divide a circle into six equ&l parts. 
Suggestion. Construct at the center an angle of 60^ 

8. Draw the chords connecting in order the four division points 
in Ex. 4, and show that the figure is a regular quadrilateral. 

9. Draw the tangents at the four division points in Ex. 4, and 
show that a regular quadrilateral is formed. 

10. Draw the chords connecting in order the division points in 
Ex. 7, and show that a regular hexagon is formed. Prove that the 
side of the hexagon is equal to the radius of the circle. 

11. Draw chords connecting alternate division points in Ex. 7, and 
show that a regular triangle is formed. 

12. Construct tangents to the circle at alternate division points in 
Ex. 7, and show that a regular triangle is formed. 

13. Draw tangents to the circle at the division points in Ex. 7, and 
show that a regular hexagon is formed. 

Note. See also the construction of regular polygons of 3, 4, and 
6 sides, § 163, Exs. 3, 4, 5. 
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335. Theorem. If a circle is divided into any numr 
her of equal arcs, the chords joining the division points, 
taken in order-form a regular polygon. 

Proof : Show (1) that the chords are equal ; (2) that 
the angles are inscribed in equal arcs and hence are equal. 

336. Theorem. J^ a circle is divided into any nuwr 
her of equal parts, the tangents at the points of divi- 
sion, taken in order, form a regular polygon. 



Given the O OA divided into equal arcs by the points JIf , N, P, etc., 
with tangents drawn at these points forming the polygon ABCDEF. 

To prove that ABCDEF is a regular polygon. 

Analysis of Proof : (1) To prove that AB=sBC= CD, etc. 

We know that BP = BN (Why ?). 

Hence, if we can show that AN = NB and BP = PC, then 
it will follow that AB = BC. 

To prove AN^ NB^ it must be shown thatZl = Z2, 
and this is done by showing that Z 1 and Z 2 are halves of 
the equal angles NOM and NOP. 

This necessitates proving A AON ^ A AOM. 

Now state the proof in full. 

(2) To prove ZABC = Z.BCD = Z CDE, etc. 

From the triangles proved congruent under (1) show 
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that Zifiio = Z OAN = Z NBO = Z OBP; and hence, 

Z Jf40+ Z OiiiV^ = ZNBO + Z OBP, or Z iJ'ilB = Z ABC. 

In like manner it is proved that /Cabc =s Zbcd^ etc. 
Hence the polygon is equilateral and also equiangular, 
and hence regular. 

837. Theorem. If a polygon is regular, a circle may 
be circumscribed about it. 




A B 

Given a regular polygon ABODE. 

To prove that a point O can be found such that 

0A = 0B=: 0C= 0D= OE. 

Outline of Proof : Bisect A A and B and let the bisectors 
meet in some point O. Then O is the center sought. 
For we have (1) OA = OJB, Why ? 

(2) AAOB ^ A BOC. .'. 0A = OC. 

(3) A BOC ^ A COD. .'. OB == OD. 

(4) Now prove OC = OE. 

.'. OA^ OB^OC =0D^ OE. 

Prove each step, showing how it depends upon the pre- 
ceding. 

338. BXBRCISB8. 

1. Find the locus of the vertices of all regular polygons of the 
same number of sides which can be circumscribed about the same 
circle. 
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2. Find the locus of the middle points of the sides of all regular poly- 
gons of the same number of sides which are inscribed in the same circle. 

3. Is an equilateral circumscribed polygon regular? Prove. 

4. Is an equiangular circumscribed polygon regular? Prove. 

339. Theorem. // a polygon is regular, a circle may 
be inscribed in it. 

Given the regular polygon ABCDE, 

To prove that a point O may be found such that the per- 
pendiculars OM^ ON^ OPj OQ, OB, 
are equal. y\^ 

Outline of Proof : Determine a JK ?\ 

point o as in the proof of the pre- r,/ \ / \(7 
ceding theorem. Then A AOB^ \ l^Sv'''' / 

JBOC, etc., are equal isosceles trian- A-''' ' / 
gles, and their altitudes are equal, \ / 
Hence O is the required point. \./ 

Give proof in fuU. a m js 

840. Theorem. An equilateral polygon inscribed in 

a circle is regular. 

Suggestion for Proof : Use the fact that equal chords 
subtend equal arcs, and apply § 335. 

341. BXERCISB. 

Show that the inscribed and circumscribed circles of a regular 
polygon have the same center. 

342. Definitions. The center of a regular polygon is the 
common center of its inscribed and circumscribed circles. 

The radius of a regular polygon is the distance from the 
center to one of its vertices. 

The apothem of a regular polygon is the perpendicular 
distance from its center to a side. 
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343. Theorem. The area of a regular polygon is 
equal to half the prodttct of its apothem and perimeter. 

Suggestion for Proof : A regular polygon is divided 
by its radii into a series of congruent triangles, the area 
of each of which is one half the product of the apothem 
and a side of the polygon. 

Complete the proof. 

344. Theorem. The area of any polygon circum- 
scribed about a circle is equal to one half the product of 
the perimeter of the polygon and the radius of the circle. 

The proof is left to the student. 

345. BXBRCISB8. 

1. Is every equiangular polygon inscribed in a circle regular? 
Prove. 

2. Show that the radius of a regular polygon bisects the angle at 
the vertex to which it is drawn. 

3. Show that the perimeter of a regular polygon of a given num- 
ber of sides is less than that of one having twice the number of sides, 
both being inscribed in the same circle. 

4. Show that the perimeter of a regular polygon is greater than 
that of one having twice the number of sides, both being circum- 
scribed about the same circle. 

5. Compare the areas of the two polygons in Ex. 3. 

6. Compare the areas of the two polygons in Ex. 4. 

7. Show that the area of a square inscribed in a circle of radius 
r is 2 r^. How does this compare with the area of the circum- 
scribed square. 

8. Compute the apothem and area of a regular inscribed hexagon 
if the radius of the circle is r; also of the regular circumscribed 
hexagon. 

9. A regular triangle is inscribed in a circle of radius 10. Find 
the apothem and a side of the triangle. 
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346. Theorem. Two regular polygons of the same 
number of sides are similar. 

Outline of Proof: (1) Show that all pairs of corre- 
sponding angles are equal. 

(2) Show that the ratios of pairs of corresponding sides 
are equal. Hence the polygons are similar (Why ?). 

347. Theorem. The perimeters of two regular poly- 
gons having (he same number of sides are in (he same 
ratio as their radii or their apothems. 

Outline of Proof : Show (1) that each triangle formed 
by a side and two radii in one polygon is similar to the 
corresponding triangle in the other polygon. 

C2) That — ;— , = — = — , where AB and A'B' are the two 

sides, r and r' the corresponding radii and a and a' the 
corresponding apothems. And so for the remaining pairs 
of triangles. 

(8) That ^B+BC-\rCB^^- =.A^=.L=.±. 

^^ A'b' +b'c' + &D' + "* a'b' r' a' 

Draw the figure and give the proof in full. 

348. Theorem. The areas of two regular polygons 

of the same number of sides are in the same ratio as the 

squares of the corresponding radii or apothems. 

Outline of Proof : Divide the polygons into pairs of 
corresponding triangles as in the preceding proof. 

(1) Show that — - =-r^ = -^1 and so for each pair of 

triangles. 

(2-) Hence AI + Air + Alir+ ... ^f^^^ 
iZ) Hence ^ j, ^ ^ „, ^ ^ ji^, ^ ... - ^,2 - „,a- 

Draw figure and give the proof in full. 
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PROBLEMS AND APPLICATIONS. 

1. Find the ratio of the perimeters of squares inscribed in and 
circumscribed about the same circle. 

2. Find the ratio of the perimeters of regular hexagons inscribed 
in and circumscribed about the same circle. 

3. Find the ratio between the perimeters of regular triangles 
inscribed in and circumscribed about the same circle. 

4. Find the ratio of the areas of regular triangles inscribed in and 
circumscribed about the same circle. Also find the ratio of the areas 
of such squares and of such hexagons. 

5. The perimeter of a regular hexagon inscribed in a circle is 
24 inches. Find the perimeter of a regular hexagon circumscribed 
about a circle of twice the diameter. 

6. The area of a regular triangle circumscribed about a circle is 
64 square inches. What is the area of a regular triangle inscribed in 
a circle of one third the radius? 

7. The area of a regular hexagon inscribed in a circle is 48 square 
inches. What is the area of a regular hexagon circumscribed about 
a circle whose diameter is 1} times that of the first? 

8. A chord AB bisects the radius perpendicular to it. Find the 
central angle subtended by the chord. State the result as a theorem. 

9. State and prove the converse of the theorem in Ex. 8. 

10. Find the area of a regular triangle inscribed in a circle whose 
radius is 6 inches. 

11. Find the area of a regular triangle inscribed in a circle whose 
radius is r inches. 

12. One of the acute angles of a right triangle is 60° and the side 
adjacent to this angle is r inches long. Find the remaining sides of 

the triangle. 

13. A regular trfangle is circumscribed about a 
circle of radius r. Find its area. 

Suggestion. First find DC in the figure. 

14. A regular triangle of area 86 square inches is 
inscribed in a circle. Find the radius of the circle. 
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15. Find the radius of a circle if the area of its regular inscribed 
triangle is a. 

16. Find the radius of the circle if the area of the regular circum- 
scribed triangle is a. 

17. Find the radius of a circle if the difference between the 
perimeters of the regular inscribed and circumscribed triangles is 
12 inches. 

18. Find the radius of a circle if the difference of the perimeters 
of the regular inscribed and circumscribed hexagons is 10 inches. 

19. If the area of a circumscribed square is 25 square inches greater 
than that of an inscribed square, what is the diameter of the circle? 

20. Find the radius of a circle if the difference between the areas 
of the inscribed and circumscribed regular triangles is 25 square 
inches. 

21. Find the radius of a circle if the difference between the areas of 
the regular inscribed and circumscribed hexagons is 25 square inches. 

22. The difference between the areas of the squares circumscribed 
about two circles is 50 square inches and the differ- , 

ence of their diameters is 4 inches. Find each 
diameter. 

23. If the inscribed and escribed circles and 
O' of an equilateral triangle are constructed as 
shown in the figure, find the ratio of their radii. 
Does this ratio depend upon the size of the triangle ? 

24. Given a triangle ABC and a segment a, 
show how to construct a segment DE W AB and 
equal to the segment a, such that the points D and 
E shall lie on the sides CA and CB respectively or 
on these sides extended. 

25. A triangular plot of ground ABC is to be 
laid out as a triangular flower bed with a walk of 
uniform width extending around it. 

(a) Prove that the flower bed is similar to the 
original triangle. 

(b) Show that the comers of the flower bed lie on 
the bisectors of the angles of the original triangle. 
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(c) Find a segment S so that — ;^ = 2 and construct A^B* equal 

to S and parallel to ^B, the points A' and B^ lying on the bisectors 
of the angles A and B respectively. See Exs. 16-19, page 172. 

(d) Draw A^C II AC and B'C" II BC. 

Prove that the area of the flower bed A'B'C, as thus constructed, 
is equal to the area of the walk. 

(e) Construct the figure for the flower bed so that its area is five 
times that of the walk. 

26. Given a rectangular plot of ground. Is it always possible to 
lay off on it a walk of uniform width running around it so that the 
plot inside the walk shall be similar to the original figure?' Prove. 

27. Is the construction proposed in Ex. 26 always possible in the 
case of a square ? of a rhombus ? Prove. 

28. If a side of a regular hexagon circumscribed about a circle is 
a, find the radius of the circle. 

29. On a regular hexagonal plot of ground whose side is 12 feet a 
walk of uniform width is to be laid off around it. Find by algebraic 
computation the width of the walk if it is to occupy one half the 
whole plot. 

30. Find by geometric construction the width of the walk in 
Ex. 29. 

31. Show that the figure inside the walk in Ex. 29 is a regular 
hexagon. 

32. Given a segment AB, find three points C, D, £^ on it so that, 

AS" i A& 2' AB" 4 

33. A regular hexagon ABCDEF is to be divided into four pieces 
of equal area by segments drawn parallel to its 

sides forming hexagons as shown in the figure. If 
AB=24^ feet, find a side of each of the other hexa- 
gons and also the apothem of each. 

34. Without computing algebraically the apo- 
them or sides of the inner hexagons in Ex. 33, 
show how to construct the figure geometrically. 
See Ex. 6, § 331. Also Ex. 18, page 172. Use § 348. 
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35. In a given hexagonal polygon whose side is a find in terms of 
a and n the width of a walk around it which will occupy one nth of 
the area of the whole polygon. 

36. By means of hexagons similar to those in Ex. 33, divide a 
given regular hexagon into three parts such that the outside part is 
J the whole area and the next i of the whole area. 

37. Compute the sides and the apothem of the two hexagons con- 
structed in Ex. 36 if the side of the given hexagon is 12 inches. 

38. In the adjoining pattern find two regular hexagons whose areas 
are in the ratio 1 : 4 and show that this agrees with 
theorem, § 348. 

39. If a polygon is circumscribed about a circle, 
show that the bisectors of all its angles meet in a 
point. 

40. Given any polygon circumscribed about a circle. Within it 
draw segments parallel to each of its sides and 
at the same distance from each side. Show 
that these segments form a polygon similar to 
the first. 

41. If the bisectors of all the angles of a 
polygon meet in a point prove that a circle may 
be inscribed in it (tangent to all its sides). 

What is the relation of the theorems in 
Exs. 39 and 41 ? 

42. Given a polygonal plot of ground (boundary is a polygon) 
such that a path of equal width on it around the border leaves a 
polygonal plot similar to the first. Prove that a circle may be in- 
scribed in the polygon which forms the boundary of either plot. 

43. In the figure, A BCD is a square and EFGHKLMNia a regular 
octagon. 

(a) If EF = 4 inches, find AB. d L k 

(b) If AB = 12 inches, find EF. 

(c) If EF = a, find AB. 

(d) liAB = Sy^ndEF. 

(e) If AB = s, find the apothem. 
(/) Ji AB = 8, find the radius of the octagon. 
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44. Find the ratio between the areas of regular octagons inscribed 
in and circumscribed about the same circle. 

45. (a) The apotbem of a regular octagon is 10 feet. Find the 
width of a uniform strip laid off around it which occupies 1 its area. 

(b) Show how to construct this strip geometricall; without first 
computing its width. Prore that the inside figure ia a regular 

46. A regular octagon ABCDEFGH is to be divided into four 
parts of equal area b; means of octagons as shown in the figure. 

(n) If AB = 12 inches find a Ende of each octagon. 
(6) Show how to construct the figure without first computing the 
sides. 

(c) Show how to construct such a figure if the four parts I, II, III, 
IV, are to be in any required ratios. 

(d) Measure the sides of the two 
inner parts of the ceiling pattern and 
hence find the ratio of their areas. 




47. Themidd]epoints,^,B, f7,Z>, 
of alternate sides of a regular octagon 
are joined as shown in the figure. 
AH is perpendicular to AE and equal 
to it. BG, CK, and DL are con- 
strocted in the same manner. 

(a) Prove that ABCD and HGKL 
are squares. 

(6) Find the areas of ABCD and HGKL, if EP = 10 inches. 

(c) What fraction of the whole octagon is occupied b; the square 
HGKL. 

See the accompanying tile border. 
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UEASUREMENT OP THE CIRCLB. 

S49. If in a circle a regular polygon is inscribed, its 
perimeter may be measured. 

For example, the perimeter 
of a regular inscribed hexa- 
gon is 6 r if r is the radius of 
the circle. See § 334, Ex. 10. 

If the number of sides 
of the inscribed polygon be doubled, the resulting perimeter 
may be measured or computed in terms of r. See § 357. 

If again the number of sides be doubled, the resulting 
perimeter may be computed in terms of r, and so on. 

In a similar manner a regular polygon, say a hexagon, 
may be circumscribed about a circle and its perimeter 
expressed in terms of r. 

If the number of sides of the 
circumscribed polygon be doubled, 
its perimeter may again be com- 
puted, and so on as often as 
desired. 

350. By continuing either of these processes it is evident 
that the inscribed or the circumscribed polygon may be 
made to lie as close to the circle as we please. 

351. The word length has thus far been used in connec- 
tion with straight line-segments only. Thus, the perime- 
ter of any polygon is the sum of the lengths of its sides. 

352. We now assume that a circle has a definite length 
and that this can be approximated as nearly as we please 
by taking the perimeters of the successive inscribed or cir- 
cumscribed polygons. 

The length of a circle is often called its perimeter or 

circumference. 
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It is evident that approximate measurement is the only kind possible 
in the case of the circle, since no straight line unit of measure, how- 
ever small, can be made to coincide with an arc of a circle. 

363. Comparison of the Lengths of Two Circles. In each 
of two circles, O and (/, let regular polygons of 6, 12, 24, 
48, 96, 192, etc., sides be inscribed. Call the perimeters of 
the polygons in O O, P^, P^j, P^^, etc., and those in © o', 

P'^ ^12» ^24' ®*'^' ^^^ *'^® radii of the circles be R and 
u' respectively. 

Then by the theorem of § 347, we have 

J5. = ^ = :^ = :?2i= etc., 
i?f j^ pf p' ' 

however great the number of sides of the inscribed poly- 
gons. Show that the same relations hold if polygons are 
circumscribed about the circle. 

From these considerations we are led to the following : 

354. Preliminary Theorem. The lengths of two 
circles are in the same ratio as their radii. ' 

355. Hence, if C and & are the circumferences of two 
circles, B and ^ their radii, and D and 2>' their diameters, 

we have ^ = 4 = ^5 and, also ^ = ^. (See § 246) 

Hence, the ratio of the circumference to the diameter in 
one circle is the same as this ratio in any other circle. 

356. This constant ratio is denoted by the Greek letter tt, 
pronounced pi. 

The argument used above shows that a theorem like 
that of § 354 holds for every pair of polygons used in the 
approximation process, and Tience it is established for all 
purposes of practical measurement or computation. 
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357. Problem. To compvie the approximaie value 
•^ c 




Solution. Suppose a regular polygon of n sides is in- 
scribed in a circle wliose radius is r and let one of the sides 
AB be called 8^. 

We first obtain in terras of 8^ the length -4C, or 8^^ of a 
side of a regular polygon oi 2n sides inscribed in the 
same circle. 

Let AB be a side of the first polygon. Bisect AB at C 
and draw AC and BC. Then AC is a side of a regular 
inscribed polygon of 2 w sides (Why ?). 

Then in the figure 

(8^y=Ac'=^QABy+h^==q8,,y+h\ (Why?) (1) 
But hxDE=^h(2r — h)=^ADXDB=^A^, (Why?) 
or Aff = Q8^y=h(2r-^h). (2) 



^^=(i5„)«=A(2r^A). 
Solving equation (2) for A, we have 

j^_ 2r±V4r»-g^a 



Taking only the negative sign, since A < r, and squaring, 
we have, A^ = 2 r2-rV4r2-s„2 _ j g^^ 

or, h^ + Q 5^)2= 2 r2 - r^i'r'^':^. 

Hence, from (1), ^^n* = 2 r^ - r ViraCT^, 
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and s^ = V2r2~rVir2-5„a. 

Since, by § 355, the value of w is the same for all circles, 
we take a circle whose radius is 1. 



In this case s^ = V2-V43^. (3) 

If the first polygon is a regular hexagon, then S^=l. 

Hence, s^ = V2- VI^ = 0.51763809. 

Denoting the perimeter of a regular inscribed polygon 
of n sides by P„, we have, 

Pi2 = 12(0.51763809)= 6.21165708. 

In the formula (3) let n = 12. 

Then s^ « V2 - V4^(0. 51763809)2 = 0.26105238. 
Hence, P^^ = 24(0.26108238) = 6.26525722. 
Computing fif^g, P^g, etc., in a similar manner, we have, 



iSfjg = V2- V4^ = .51763809. .-. P^g = 6.21166708. 

S^ = V2 - V4^ (.51763809)2 = .26105238. .-. P^ = 6.26525722. 

S^ = V2 ^ V4^^(.26105238)3 = .13080626. .-. P^ = 6.27870041. 

^gg = V2 - Vr^ (.13080626)2 = .06543817. .-. P^^ = 6.28206396. 

iS,92 = V2 - V4^~(:06543817)2 = .03272346. .-. Pj^j = 6.28290510. 

S^ = V2 - VT^ (.03272346)2 = .01636228. .-. P^^ = 6.28311544. 

1S768 = V2 - V4^ (.01636228)2 = .00818126. .-. P^jg = 6.28316941. 

358. The Length of the Circle. By continuing this process 
it is found that the first five figures in the decimal remain 
unchanged. Hence 6.28317 is an approximation to the 
circumference of a circle whose radius is 1. 
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359. By a process similar to the preceding, if circum- 
scribed polygons of 4, 8, 16, etc., sides are used, the follow- 
ing results are obtained: 



NUMBEB OF SiDSB 


LxHOTH OF Each Bids 


PXRIMBTKB 


4 


2.000000 


8.000000 


8 


0.828428 


6.627418 


16 


0.397824 


6.365196 


32 


0.196984 


6.303450 


64 


0.098254 


6.288236 


128 


0.049078 


6.284448 


256 


0.024544 


6.283500 


512 


0.012272 


6.283264 


1024 


0.006136 


6.283205 


2048 


0.003068 


6.283190 



360. Since the diameter is 2, the ratio of the circumfer- 
ence to the diameter is 

^:^|^ = 3.14169, or ^'y^ = 3.14159 
2 2 

according as the inscribed or circumscribed polygons are 
used. 

That is, these approximations of ir agree to five decimal 
places. 

If so great accuracy is not required, we may use a 
smaller number of decimal places; such as, 3.1416, 3.14v 
or 3f 

Since — =s7r, it follows that C=7rZ) = 27riJ. 

That is, the circumference is 2 ir times the radius. 



REGULAR POLYGONS AND CIRCLES. 193 

361. The area of the circle. In § 359 the area of each 
circumscribed polygon is half the product of the perimeter 
and the apothem, which in this case is the radius of the 
circle. The area inclosed by the circle is called the area 
of the circle. That is, for every such polygon, A=lP»R^ 
or area equals one half perimeter times radius. 

We now assume that a circle has a definite area which 
can he approximated as closely as we please by taking 
the areas of the successive circumscribed polygons. 

362. Since the perimeters of the circumscribed polygons 
can be made to approximate the length of the circle as 
nearly as we please, and since C = 2 Trr we have, 

area of circle = J • 2 irr . T=iirfi. 

The degree of accuracy to which this formula leads 
depends entirely upon the accuracy with which ir is 
determined. 

The old problem of squaring the circle, that is, finding the side of a 
square whose area equals that of a given circle, involves therefore 
determining the value of ir. Much time and labor have been expended 
upon this in the hope that this value could be exactly constructed by 
means of the ruler and compasses, but it is now known that this is 
impossible. 

363. Since the area of a circle is tt r®, if we have two 
given circles whose radii are r and r' and whose diameters 
are d and d', then the ratio of their areas A and A' is 

A Trr^ r^ cP 



A' 7rr^ r^ d^' 



that is. 



Theorem. The areas of two circles are in the sarne 
ratio as the squares of their radii, or of their diameters. 
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364. The area of a sector bears the same ratio to the area 
of the circle as the angle of the sector does to the perigon. 

E,g, the area of the sector whose arc is a quadrant is one fourth of 
the area of the circle, that is, ^^-r'' ^^® *^* ^^ * semicircle is ~r-- 
Find the area of a sector whose angle is 6(y ; 30**; 45«»; 72^ 

365. The area of a segment of a circle is known if that of 
the sector having the same arc, and of the central triangle 
on the same chord, can be determined. 

Show that the areas of segments of a circle whose arcs are respec- 
tively 90** and 60*» are 

— -^=-4 (^-2) and _-_Vg=_(2,r-3V3). 



proximates the shape of '' '' '» " '• •'* ^' '' ^ '* ^ 
a triangle, whose altitude 



The accompanying figure shows a circle cut into sectors by a series 
of radii. Each sector ap- 

'\ /'» /"» '"» /\ /'» h i\ /^ /'« '\ '* /\ 

/ \ / \ / \ / \ / \ / \ I \ \ \ I \ I \ I \ I ^ 
' \! ^J \i \i \! \! \i \l \! \! \/ V' \ 

is the radius of the circle, 

and whose base is au arc of the circle. Since the sum of the areas 

of these triangles is the product of the altitude and the sum of the 

bases, we obtain a verification of the theorem that the area of a circle 

is one half the product of the circumference and radius. 

SUMMARY OF CHAPTER V. 

1. Make a list of the definitions pertaining to regular polygons. 

2. State the theorems concerning regular polygons inscribed in or 
circumscribed about a circle. 

3. State the theorems involving similar regular polygons.^ 

4. Give an outline of the discussion concerning the value of ir and 
its use in approximating the length and area of the circle. 

5. What are some of the more important applications of the theo- 
rems in Chapter V? (Return to this question after studying the ap- 
plications which follow.) 



^K^K^^ 


)^-©( 


)^ec 


-^r^r^r 
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PROBLEMS AND APPLICATIONS ON CHAPTER V. 

Note. In the following problems, unless otherwise specified, use 
the value w = 3^, which differs from 3.1416 by about ^ of one per cent. 

1. The diameter of a circle* is 8 inches. Find the circumference 
and area. 

2. The circumference of a circle is 10 feet. Find its radius and 
area. 

3. The area of a circle is 24 square inches. Find its radius and 
circumference. 

4. Centers of circles are arranged at equal distances on a network 
of lines at right angles to each other as shown in the 
figure. li r=i AB, what part of' the whole area is 
inclosed by the circles? 

SuGOKSTiON. Consider what part of the square 
A BCD lies within the circles. 

5. If in Ex. 4 the radius of each circle is 3 inches, 
how far apart must the centers be in order that one 
half the area shall lie within the circles ? 

6. If the radius of each circle is r, how far apart 

must the centers be located in order that - of the 
whole area may lie within the circles ? 

7. If the circles occupy — of the area, and if the centers are d 
inches apart, find the radii. ^ 

8. A square is inscribed in a circle. Find the ratio between the 
areas of the square and the circle. 

9. A square is circumscribed about a circle. Find the ratio be- 
tween their areas. 

Do the ratios required in Exs. 8 and 9 depend upon the radius 
of the circle ? 

10. Find the ratio between the area of a circle and its regular in- 
scribed hexagon. 

11. Find the ratio between the area of a circle and its regular cir- 
cumscribed hexagon. 

Do the ratios required in Exs. 10 and 11 depend upon the radius of 
the circle ? 
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12. Find the ratio between the area of a square inscribed in a circie 
and another circumscribed about a circle having 
3 times the radius. 

13. Find the ratio of the area of a regular 
hexagon inscribed in a circle to that of another j? 
circumscribed about a circle having a radius \ as 
great. 

14. A BCD is a square whose side is a and the 
points A, By C, Z), are the centers of the arcs HE, EFy etc. 

(a) Find the area of the figure formed by the arcs 
FLE, EKH, HNG, GMF. 

{h) Find the area of the figure formed by the arcs 
ELF and EQF. 

Suggestion. Find the difference between the 
areas of a circle and its inscribed square. 

(c) Find the area of the figure formed by the arcs 
EK, KLy and LE. 

15. If the sides of the rectangle A BCD are 8 and 12 inches, respec- 
tively, find the radii of the circles. 

(a) What fraction of the area of the rectangle 
lies within only one circle ? 

(6) Prove that at each vertex of a square two 
circles are tangent to a diagonal of the square. 

16. Two concentric circles are such that one 
divides the area of the other into two equal parts. 

(a) Find the ratio of the radii of the circles. 

(b) Given the outer circle, construct the inner one. 

17. Construct three circles concentric with a circle 
of radius r, which shall divide its area into four equal parts. 

18. Prove that six circles of equal radii can be constructed each 
tangent to two of the others and to a given circle. 

(a) Show that a circle can be constructed around 
the six circles tangent to each of them. 

(6) What fraction of the area of the last circle is 
occupied by the seven circles within it? 

19. A OB is a central angle of 60®. Find the area 
bounded by the chord AB and AB it the radius of the circle is 3. 
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30. ABC iB an equilateral gothic arch. (See page 100.) Find the 
area inclosed by the segment AB and the area A C and „ 

BC, if ^5 = 3 feet. 

SuGGKSTiON. Find the area of thesecrorwith center 
A, arc EC, and radii AB and ^C, and add to this the 
area of the circle-segment whose chord is A C. 

31. ^SC is an equilateral triangle and A,B, and C 
are the centers of the arcs. Show that the area of the 
figure formed b; the area is three times the area of one 
of the»ecJor* minus twice the area of the A vlBC. 

33. In the figure ABC is an equilateral triangle 
and D, E, and F are the mid- ^ 

die points of its sides. Area 
are constructed as shown. 

(q) If AB= 8 feet, find the 
area inclosed by dS, fP, ft. 

(b) Find the area inclosed 
by is, ^, and dl. 

(c) Find the area inclosed 
by i5>, PS, and fb. 

23. In the figure ABC is an equi- 
lateral arch and O O is constructed on 
^^ as a diameter. AH and BK are 
perpendicular to AB. 

(a) Construct the equilateral arches 
HED and DFK tangent to the circle 
as shown in the figure. 

SOGGEBTION. Oft = OA + DH. 

(b) Prove that the vertices E and F From tbe First Presbyterian 
lie on the circle. Church, Chicago. 

Suggestion. What kind of a triangle ia H0K1 
In the following Ut JB = 8 feet. 

(c) Find the area bounded by the arcs DF, FE, and ED. 
Id) Find the area of the rectangle A BKH. 

\e) Find the area bounded by AH and the Mca HE and EA. 
{/) Find the area bounded by the upper semicircle AB and V 
arcs .40 and BC. 

{g) Find all the areas required in (c) ■- (/) it AB = a. 



From the Union Park Church, Chicago. 
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24. In the figure, ABODE F is a regular hexagon. B is the center 
of the arc ALC^ D the center of CHE, and F the center of EKA. 

If AB = 16 inches, find 

(a) The circumference and area of the circle, 

(b) The area bounded by the arc ^LC and the 
segments AB and BC, 

(c) The area bounded by KA, AL and LK, 
(rf) The area bounded by iXc, CHE and ^^. 
(«) Find the areas required in (a)-(d) il AB = a inches. 

25. A BC is a regular octagon. Arcs are con- 
structed with the vertices as centers as in the figure. 

If AB = 10 inches, find the area inclosed by the 
whole figure. Also if ^^ = a. 

26. ABODE FGH is a regular octagon. Semi- 
circles are constructed with the sides as diameters. 

(a) If ^^ = 10 inches, find the area of the whole 
figure. Also if ^^ = a. 

(b) Complete the drawing in the outline figure to 
make the steel ceiling pattern here shown. 

27. In the figure A OB, AFD, DEB, and EOF are 
semicircles. EF is tangent to two semicircles. 

(a) Prove that the semicircles AFD, FOE, and 
DEB are equal, D being given the middle point of AB, 

It AB = is inches, find : 

(b) The area bounded by AC, FC and FA, 

(c) The area bounded by FD and DE, and the 
line-segment FE, A D B 

(d) The area bounded by A F, FOE, EB, and the line-segment AB. 

(e) Find the areas required in (b)-(fi) U AB = a. 

28. (a) If a side of the regular 
hexagon in the figure is a, find the 
area inclosed by the arcs (including 
the area of the hexagon). 

(b) Show that a circle may be cir- 
cumscribed about the whole figure. 

(c) Find the area inside this circle and outside the figure in (a). 
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mSCELLAIBOOS PROBLEMS ASD APPLICATIOHS. 

1. Given a rhombus, two of vhose angles are 60°, bi divide it 
into a Tegular hexagon and two equilateral tri- 
angles. See Ex. 7, page 78. 

2. What fraction of the accompanying design for 
tile flooring is made up of the black tiles! Show 
how to construct this design by marking off points 
along the border and drawing parallel lines. 

3. lu tlie accompanying design for a parquet border two strips o[ 
wood appear to be intertwined. 

(a) If the border is 8 inches wide and ^ 
feet i inches long, find the area of one ot 
these strips, including the part which ap- 
pears to be obscnred bj the other strip. 

(b) If the figure consists of squares, find 
the angle at which the strips meet the sides. Use the table on page 139. 

(c) If the width of the border ia a and its length 6, find the com- 
bined area of these strips. 

Compaie the total area of the obscured part of these strips with the 
sum of the areas of the small trianglen along the edge of the border. 

4. A solid board fence 6 feet in vertical height running dne 

north and south is to be built across a valley, Wroda 

connecting two points of the same elevation. 
Find the number of square feet in the fence if 
the horizontal distance is 80 rods. 

5. Are the data given in the preceding problem 
it if the fence required is to be an ordinary four- 
board fence, each board 6 inches wide? 

€. Two circles are tangent internally at a point 
A. Chords AB and jfC of the larger circle are 
drawn meeting the smaller circle in D and E 
re^ctively. Prove that BC and DE are parallel. 

7. Two circles, radii r and r', are tangent internally. Find the 
length of a chord of the larger circle tangent to the smaller if: 

(a) The chord is parallel to the line of centers, 

(b) The chord is perpendicular to the line of centers, 

(c) Meets the larger circle at the same point as the line of centers. 
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8. Given a straight line and two points A and B on the same 
side of it. Find a point C on the line such that the sum of the seg- 
ments A C and BC shall be the least possible. 

Solution. In the figure let B' be symmetric to B with 
respect to the line. Draw AB' meeting the line in C. 
Then C is the required point. For let C be any other 
point on the line. Then AC' -\- C'B> AC + CB. 
The proof depends upon § 128 and Ax. Ill, § 61. Give 
it in full detail. 

9. If in the figure preceding, AD is perpendicular 

to the line, prove that A^i)C - A CBE and hence 4^ = — . 
* ^ BE CE 

10. If in Ex. 8, DE = a, AD = h, BE = c, find CD and CE. 

11. Two towns, A and B, are 10 and 6 miles respectively from a river 
and A is 12 miles farther up the river than B, A 
pumping station is to be built which shall serve 
both towns. Where must it be located so that the 
total length of water main to the two towns shall 
be the least possible ? 

12. Two factories are situated on the same side 
of a railway at different distances from it. A spur 
is to be built to each factory and these are to join the railway at the 
same point. State just what measurements must be made and how 
to locate the point where these spurs should join the main line in order 
to permit the shortest length of road to be built. 

13. Two equal circles of radius r intersect so 
that their common chord is equal to r. Find the 
area of the figure which lies within both circles. 

14. In the accompanying design for oak and 
mahogany parquet flooring the large squares are 
6 inches and the small black ones 2} inches on a 
side. What fraction of the whole is the ma- 
hogany (the black squares) ? 

15. Construct circles on the three sides of a 
right triangle as diameters. Compare the area 

of the circle constructed on the hypotenuse with the sum of the areas 
of the other two. Prove. 
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16. In the accompanj^ng design for grill work : 
(a) Find the angles ABC, BAD, and ^GC. 



(6) If the radinfi of each circle is r, find the distance AF. 

(c) What fraction of the area of the parallelogram GBCE Ilea 
within one circle only ? 

(rf) If the radius of each circle ia r, find the diatance between two 
horizontal lines. 

(«) Construct the whole figure. 

SoaoEBTiONa. (1) Find AF and lay o& points on AB. 

(2) Find ^B.4i> and construct it. 

(3) Through the points of division on AB draw lines parallel to 
AD. 

(4) From A along AD lay off segments equal to AF and through 
these division points construct lines parallel to AB. 

(5) Along DC lay oi! segments equal to ^F. Connect points as 
shown in the figure. 

(/) From the construction of the figure does it follow that 
^.DAB^^EGCt 

17. Prove that the sum of three altitudes of a triangle is less than 
its perimeter. 

18. In the accompanying design for grill work, the arcs are con- 
Btnicted from the vertices of tlie equilateral triangi 

(a) Prove that two arcs are tangent to 
each other at each vertes of a triangle. 

(V) Find the area bounded by the arcs 
AB,BC, CD, DA. 

(c) Find the ratio between the area in (ft) 
and the area of the triangle DBC. 
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19. The character of the accompMiyiiig design for a window is 
obvious from the figure. Denote the radius of the large circle by R^ 
of the semicircles by R', and of the small circles 
by r. 

(a) If i2 = 8 feet find R' and r. 
(6) Find R' and r in terms of R. 

(c) What fraction of the area of the large circle 
lies within the four small circles? 

(d) What fraction of the area of the large circle lies outside the 
four semicircles ? 

(e) li R = 10, find the area inclosed within 
the four small circles. 

20. In the accompanying design for a stained 
glass window : 

(a) What part of the square ^'5'C'2>' lies 
within ^^CD? 

(b) If A'B' = 4: feet, find the sum of the areas 
of the semicircles. 

(c) Find the area inclosed by the line-seg- 
ments FB\ B'E and the arcs FB and BE, if 
EBf is li feet. 

(c/) Find the areas required in (6) and (c) if 
A'B' = a. 

21. The accompanying design for tile flooring consists of regular 
octagons and squares. The design can be constructed by drawing 
parallel lines as shown in the figure. 

(a) If a side of the octagon ABm given, find 5C, DE, and EF 
by construction. 

Find the ratio of any two of these seg- 
ments. 

(6) If AB = a, find BC. 

(c) li AB = a find the area of the square 
xyzw, 

(d) At what angles do the oblique lines 
meet the horizontal ? 

(e) Construct the figure by laying oif the 
required points on the sides, drawing parallel lines in pencil, inking in 
the sides of the octagons and erasing the remainder of the lines. 
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22. This design for tile flooring is constructed 
by firat making a network of squarea and then 
drawing horizontal lines cutting off equal tri- 
angles from the squares. 

(a) At what angle to the base of the design 
are the oblique lines? 

(fr) If each of the small squares is 6 incites od 
a side, find EF and HL. 

(c) Find fiFand HL if the side of a small square is a. 

(rf) What fraction of the whole area is occupied by the black 
triangles? 

23. Five parallel lines are drawn at uni- 
form distances apart, as shown in the figure. 

(a) It these lines are i inches apart,find the 
width of the strip from which the squares 
are made, so that their outer vertices shall 
just touch Z, and li, and the corresponding 
inner vertices shall touch l, and l^. 

(b) What part of the area between Ij and 
ijwouldbeoccupiedby a series of such squares 
arranged as shown in the figure? 

2*. ABC is an equilateral triangle. AO and BO 
bisect its base angles. OD and OE are drawn parallel to 
CA and CB, respectively. Show that AD = DE =EB. 

25. If one base of a trapezoid is twice the other, then 
each diagonal divides the other into two segments which 
are in the ratio 1 : 2. 

26. If one base of a trapezoid is n times the other, show that each 
di^onal divides the other into two segments which are in the ratio 



27. Provethat if an angle of a parallelogram is bisected, and the bi- 
sector extended to meet an opposite side, an isosceles triangle is formed. 

Is there any exception to this proposition ? Are two isosceles 
triangles formed in any case ? 

28. Prove that two circles cannot bisect each other. 

29. Find the locus of all points from which a given lin&^egmeut 
subtends a constant angle. 
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90. Id the figure, equilateral arches are constructed on the base A B, 
,nd on its subdivisions into halves, fourths, and eighths. 




L F "" D 



From Uncoln Cathedral, Englaad. 

(a) Show how to construct the circle O tangent to the arcs as shown 
in the figure. 

SuGORSTioN. The point is determined by drawing arcs from A 
and B aa centers with BF as a radius (Why?). 

(&) Show how to complete the construction of the figure. 

(c) If AB = 12 feet, find the radii of the circles O, O', O". 

(d) Find these radii it AB=^> (span of the arch). 

(f) What part of the area of the arch ABC is occupied by the arch 
ADE1 by the areh AFSt by ALKi 

(/) The sum of the areas of the seven circles is what part of the 
area of the whole arch? 

(g) The sum of the areas of the two eijual circles C and 0'" is 
what part of the area of the cirele 01 

31. The accompanying cbnrch window design (, 

consists of the equilateral arch ABC and the six 
smaller equal equilateral arches. 

(a) If ^B = 8 feet, find the area bounded by the 
arcs MG, GE, ED, DM. 

(b) UAB= 8 feet, find the area bounded by the 
arcs^C. CE,ED,DA. 

(c) Pind the areas required under («) aud (6) if AB = 
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32. In the figure, ABC ia an equilateral arch, 
D, E, and F, the middle points of the sides of the 
triangle ABC, are centers of the arcs AE. KL, 
BF, and SR ; CF and MR ; EC and LM re- 
spectively. 

(a) Prove that the ace with center D and iiidiiis , g 

DA passes through the point E. 

(6) Prove ttiat arcs with centers D and F, and tangent to the seg- 
ment A C, meet on the segment BE. 

(c) liAB=a,indKS. 

(d) Can we find the area bounded by the segment 4B and the arcs 
BF, FC, CE, and EA when AB is given ? If so, find this area when 
AB = a. 

(e) Can we find the area bounded by KS and the arcs SR, RM, 
ML, LK, when AB is given ? If so, find this area when AB = a feet. 

33. Prove that the altitude of an equilateral triangle b three times 
the radius of its inscribed circle. 

34. The accompanying grill design is 
based on a network of congruent equilateral 
triangles. Arcs are constructed with ver- 
tices of the ti'ianglea as centers. 

(a) If AB = G inches, find the area 
bounded by CQ, d?, PT, TS, SR, RC. 

(6) Has the figure consisting of these arcs a center of symmetry? 
How many axes of symmetry has it? 

(c) Find the area required under (a) if AB =a. 

(rf) If ^B = 4inches, find the area bounded by CD, ^, EF, Fff, 
tf&, int, etc. 

(e) Has the figure consisting of these arcs a center of symmetry? 
How many axes of symmetry has it? 

(/) Find the area required under (d) if AB = a, 

35. Two circles intersect in the points A and B. Through A a 
line is drawn, meeting the two circles 

in C and D respectively, and through 
B one is drawn meeting the cin 
in E and F respectively. Prove that ^ 
CB and DF are parallel. 
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36. Prove that if the points D and F coincide in the 
preceding example the tangent at D is parallel to CE. 

37. Two circles are tangent internally at A, Prove 
that all chords of the larger circle through A are di- 
vided proportionally by the smaller circle. 

38. Chords are drawn through a fixed point on a circle. Find the 
locus of points which divide them into a fixed ratio. 

39. Squares ai'e inscribed in a circle, a semicircle, and a quadrant 
of the same circle. Compare their areas. 






40. In a given circle two diameters are drawn at right angles to 
each other. On the radii thus formed as diameters semicircles are 
constructed. Show that the four figures thus formed are congruent. 

41. Let C be any point on the diameter ^^ of a circle. 

(a) Compare the length of the arc ADB with the sum of the 
lengths of the arcs AEC and CFB, 

(h) Show that if ^J5 = 3 CBy then the area inclosed by the arcs 
BFCy CEA, ADB, is one third the area of the circle. 

(c) Show that if AB = m' CB, then the area inclosed by these 
arcs is one mth of the area of the circle. 

• 

42. By means of arcs constructed as shown in the third figure 
divide the area of a circle into any given number c^ 

of equal parts. Make the construction. 

43. Two sides ^JB and -BC of a triangle are ex- 
tended their own lengths to B' and C* respectively. 
Compare the areas of the triangles ABC and 
BBfC. 

44. The three sides of a triangle ABC are ex- 
tended to ^', B*, C as shown in the figure. Com- 
pare the areas of the triangles ABC and A'B'C: 

(a) itBB' = AB, CC = BC, and A A' = CA ; 
(b)ifBB' = l.AB,CC'=7nBC,&u(\AA'=n.CA. 



t:^\.. 










CHAPTER VI. 

VARIABLE GEOMETRIC MAGNITUDES. 

GRAPHIC REPRESENTATION. 

366. It is often useful to think of a geometric figure as 
continuously varying in size and shape. 

E.g. if a rectangle has a fixed hase, say 10 iDches long, but an al- 
titude which varies continuously from 3 inches to 5 inches, then the 
area varies continuously from 3 • 10 = 30 to 5 • 10 = 50 square inchea 

We may even think of the altitude as starting at zero inches and 
increasing continuously, in which case the area starts at zero and in- 
creases continuously. 

From this point of view many theorems may be repre- 
sented graphically. The graph has the advantage of ex- 
hibiting the theorem for all cases at once. 

For a description of graphic representation see Chapter Y of the 
authors' High School Algebra, Elementary Course. 

367. If in the figure ACW BD and OA and OB are comment 

OA AC 

surable. arid if — = — - , tlien O, C, and D lie in a straight 

,. OB BD ^ 

line. 

For suppose D not in a line with DC, Pro- x 



luce UfJ ana nu w meet at a. 

Then OA^AC^ 

OB BK 


/ 


/ ! 
/ ^ 


D 


But by hypothesis ^A^ = ^Z / 
^ ^^ OB BD / 


/ 






Hence, BD = BK. (Why?) ^ 


A 


B 


Therefore D coincides with K, and 0, C and D are 

lYIA. 


in a straight 
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368. Theorem. The areas of two rectangles having 
equal bases are in the same ratio as their altitudes. 

Graphic Representation. For rectangles with commensurable bases 
and altitudes we have 

A rea = base x altitude, , (§ 303) 

Consider rectangles each with a base equal to h, altitudes hy, h^ h^, 
etc., each commensurable with b, and areas A^, A 2, A^, etc. 



Then, 



A.^bhj^^h^^ d« = ^ = ^,etc. 



8 



6^2 ^2' "^8 



bh^ A3 



(1) 



We exhibit graphically the special case where b = 10. Let one 
horizontal space represent one unit of altitude and one vertical space 
ten units of area. 

Thus, the point P, has the ordinate ^ = 10 vertical units (repre- 
senting 100 units of area) and the abscissa h^ = 10 horizontal units. 

Similarly locate Pi and P3 whose abscissas are hi and hs and ordi- 
nates Ai jknd ^2* 

Using equation (1) and § 367, show that 0, Pj, P2, Pa iie in the 
same straight line. 
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If we suppose that while the base of the rectangle re- 
mains fixed, the altitude varies continuously through all 
values from ^ = 10 to A3 =» 20 = 2 x 10, then it must take 
among other values the value 10 V2. 

Using 10 V2 as an abscissa, the question is, whether 
CD is the area ordinate corresponding to it. 

This area ordinate is not less than CD and commen- 
surable with the base, for in that case the altitude would 
be less than 10 V2, and for the same reason it is not 
greater than CD and commensurable with the base. 

But we can find line-segments less than 10 V2 or greater 
than 10 V2 and as near to 10 V2 as we please. 

Hence we conclude that the area ordinate for the 
rectangle whose altitude is 10 V2 is CDy that is, the point C 
lies in the line 0P2' 

In like manner, the point determined by any other ab- 
scissa incommensurable with the base is shown to lie on 
the line 0P2' 

Since the abscissa and ordinate of any point on OP are 
equal, we have for any altitude, 

£. = *.. 

369. The preceding theorem may also be stated ; 
The area of a rectangle with a fixed base varies 
directly as its altitude. 

This means that if A and h are the varying area and altitude re- 
spectively, and if ^1 and hi are the area and altitude at any given 
instant, then 

-— = -- or ^ = — '^ .hoT A^kh. where k is the /farccf ratio —i* 
Ax hx hx ' hx 

The graph representing the relations of two variables 
when one varies direcdy as the other is always a straight line. 
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370. 

1. ' Make a graph to show that the area of two rectangles having 
equal altitudes are in the same ratio as their bases. 

2. Show by a graph that the area of a triangle having a fixed alti- 
tude varies as the base, and having a fixed base varies as the altitude. 

3. Represent graphically the relation between two line-segments 
both of which begin at zero, and one of which increases three times 
as fast as the other. Five times as fast. One half as fast. 

4. If areas be represented by the length of a line-segment as in 
} 368, which question in Ex. 3 applies to the altitude and area of a 
parallelogram having* a fixed base and varying altitude ? Which 
applies to a triangle having a fixed base and varying altitude ? 

371. Theorem. The area of a rectangle is equal to 
the product of its hose and altitude. 

Proof : Using the graphic representations of §§ 868, 
370, Ex. 1, we have for all cases, 



^ = ? and ia = l. 



A 



2 



Hence 



Ao An ^^ Afi ^ .. i I 
— * = — 2x— fi = -X-— aft. 

A^ ^1 ^3 1 1 



a 
A^ 1 A^ 

1 

A. b 



But A^ is the unit of area. Hence 
ab represents the numerical measure of 
Jg by the area unit. 

That is, Area = base x altitude. 

372. Problem. Make a graphic representation of 
the theorem : The perimeters of similar polygons are 
in the same ratio as any tioo corresponding sides. 

Solution. First consider the special case of equilat- 
eral triangles. On the horizontal axis lay ofif the lengths 
of one side of several such triangles, and on the vertical 
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axis lay off the lengths of tlie cor- 
responding perimeters. Show that 
the points so obtained lie in a straight 
line. 

373, XXBSCIHBS. 1 

1. Id the manner above graph the rela- 1 
tioD between the perimeters and sidea of { 
squares. Of regular pentagons. Of tega- ", 
lar hexagons. Of rhombuaes. \ 

2. If a aide of a given regular polygon Is 
a and its perimeter p, graph the relation of 
the perimeters and corresponding sides of 
polygons similar to the given polygon. 

374, Theorem. J^ a line is parallel to one side of a 
triangle and cuts the other two sides, then it divides these 
two sides in the same ratio, o 

Graphic representation : 

Lay off CA along the hori' 
zontal axis and CB along the 
vertical axis, thus locating the A 
point Pj. 

In like manner find P, with the 
coordinates Ci> and OS. If CD and CA 
are commensurable, we know that 




Hence O, Pj and Pj are collinear. 

If Clf and CA Are incommensur- 
able, show, as in § S68, that the corresponding point P 
Ues on the line OP^, and hence, as in that case, also 
CD^ Clf 
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375. Problem. To represent graphicdily the rda- 
turn heUoeen the area and side of a square as the side 
varies continuously. 



Solution. On the horizontal axis lay off the Begments 
equal to various values of the side s, and on the vertical 
axis lay off segments equal to the corresponding areas A.. 

(1) If one horizontal space represents one unit of length 
of side, and one vertical space one unit of area, then the 
points P,, Pj, Pj, etc., are found to lie on the #(eep curve. 
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(2) If five horizontal spaces are taken for one unit of 
length of side and one vertical space for one unit of area, 
then the points P^', Pg', Pg', etc., are found and the less 
steep curve is the result. 

The student should locate many more points between those here 
shown and see that a smooth curve can be drawn through them all in 
each case. 

The graph of the relation between two variables, one of which 
varies as the square of the other, is always similar to the one here 
given. 

876. The area of a square is said to vary as the sqriare 
of one of its sides, that is, A = ifl. 

For example, the theorem : The areas of two similar polygons are in 
the same ratio as the squares of any two corresponding sides, means that 
if a given side of a polygon is made to vary continuously while the 
polygon remains similar to itself, the area of the polygon varies con- 
tinuously as the square of the side. 

377. EXERCISES. 

1. From the last graph find approximately the areas of squares 
whose sides are 3.4 ; 5.25 ; 6.35. 

2. Find approximately from the graph the side of a square whose 
area is 28 square units ; 21 square units ; 41.5 square units. 

3. Construct a graph showing the relation between the areas and 
sides of equilateral triangles. 

4. Given a polygon with area A and a side a. Construct a graph 
showing the relation between the areas and the sides corresponding 
to a in polygons similar to the one given. 

5. From the graph constructed in Ex. 3, find the area of an equi- 
lateral triangle whose sides are 4. Also of one whose sides are 6. 
Compute these areas and compare results. 

6. Construct a graph showing the relation between a side and the 
area of a regular hexagon. By means of it find the area of a regular 
hexagon whose sides are 6. Compare with the computed area. 
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378. Problem. To construct a graph showing the 
relation between the radius and the circumference of a 
circle, and between the radius and area of a cirdCy as 
the radius varies continuously. 

Solution. Taking ten horizontal Bpaees to represent 
one unit of length of radius, and one vertical space for one 
unit of circumference in one graph and one unit of area 
in the other, we find the renults aa shown in the figure. 



Axis for BadU 
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379. 

» 

1. From the graph find approximately the circumlerence of a 
circle whose radius is 2.7, also of one whose radius is 3.4. 

2. Find the radios of a circle whose circumference is 17, also of 
one whose circumference is 23. 

3. Find the areas of circles whose radii are 1.9, 2.8, 3.6. 

4. Find the radii of circles whose areas are 13.5, 25.5, 37, 45. 

5. How does the circumference of a circle vary with respect to the 
radius? 

6. How does the area of a circle vary with respect to the radius ? 

7. Find the radius of that circle whose area in square units equals 
its circamference in linear units. 

DEPENDENCE OP VARIABLES. 

380. In the preceding pages we have considered certain 
areas or perimeters of polygons as varying through a 
series of values. For example, if a rectangle has a fixed 
base and varying altitude, then the area also varies d^ 
pending on the altitudes. The fixed base is called a con- 
stant, while the altitude and area are called variables.- 

The altitude which we think of as varying at our pleas- 
ure is called the independent variable, while the area, 
being dependent upon the altitude, is called the depeadent 
variable. 

381. The dependent variable is sometimes called a func- 
tion of the independent variable, meaning that the two 
are connected by a definite relation such that for any 
definite value of the independent variable, the dependent 
variable also has a definite value. 

Thus, in A — s^ (§ 376), ^4 is a function of Sy siuce giving s any 
definite value also assigns a definite value to A . 

Similarly, C is a function of r in C =. 2 irr, and ^ is a function of 
r in 4 = irr^. 
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382. BZBRCISB8. ^ 

Justify each of the following statements, remembering that a 
variable y varies directly as another variable a; if ^ = kx, and directly 
as the square otxily = kx^, where k is some constant. Find k in each 
case. 

1. The area of a rectangle with constant base varies directly as 
its altitude. Find the value of k. 

Suggestion. By § 368, -4-= r- or A=^.h. Hence A = kh. 

Ai hi A, 

A 
In this case k = --^ = by the constant base. See also § 369. 

2. The area of a square varies directly as the square of its side. 

* A s^ 

Suggestion. Since A=s^ and A. = sJ^, we have — = — or 

A=:^-sK That is, ^ = Jb2 where ifc = ill = 1. See §376. 

3. An angle inscribed in a circle varies directly as the intercepted 
arc. Show that in this case k = I, 

4. A central angle in a circle varies as the intercepted arc. Show 
that in this case k = 1, 

5. In the figure of § 374, show that DE varies directly as CD if 
DE moves, remaining parallel to AB, 

6. An angle formed by two chords intersecting within a circle 
varies directly as the sum of the two arcs intercepted by the angle 
and its vertical angle. 

7. An angle formed by two secants intersecting outside a circle 
varies directly as the difference of the two intercepted arcs. 

8. If a polygon varies so as to remain similar to a fixed polygon, 

then its perimeter varies directly as any one of its sides. Show that 

p 
k = —1, where P. and «, are the perimeter and side of the fixed 

polygon. 

9. In the preceding, the area of the polygon varies directly as the 
square of any one of its sides. 

lOw The circumference of a circle varies directly as the radius, 
and its aroa varies directly as the square of its radius. 
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11. Plot y = kx for k = 1, J, 3, 4. 

12. Plot y = kx^ for fc = 1, i, 3, 4. 

Notice that the graphs in Ex. 11 are all straight lines, while thase 
in £x. 12 are curves which rise more and more rapidly as the inde- 
pendent variable increases. See also § 378. 

LIMIT OP A VARIABLE. 

383. If a regular polygon (§ 357) is inscribed in a circle 
of fixed radius, and if the number of sides of the polygon 
be continually increased, for instance by repeatedly 
doubling the number, then the apothem, perimeter, and 
area are all variables depending upon the number of sides. 
That is, each of these is a function of the number of sides. 

Now the greater the number of sides the more nearly 
does the apothem equal the radius in length. Indeed, it 
is evident that the difference between the apothem and 
the radius will ultimately become less than any fixed 
number, however small. Hence we say that the apothem 
approaches the radius as a limit as the number of sides 
increases indefinitely. 

384. Similarly by § 352 the perimeters of the polygons 
considered in the preceding paragraph may be made as 
nearly equal to the circumference as we please by making 
the number of sides sufficiently great. 

Hence we define the circumference of a circle as the 
limit of the perimeter of a regular inscribed polygon as 
the number of sides increases indefinitely. 

It also follows from § 353 that the circumference of a 
circle may be defined as the limit of the perimeter of a 
circumscribed polygon as the number of sides is increased. 

Likewise we may define the area of a circle as the limit 
of the area of the inscribed or the circumscribed polygon 
as the number of sides increases indefinitely. See § 361. 
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386. The notion of a limit may be used to define the 
length of a line-segment which is incommensurable with 
a given unit segment. 

Thus, the diagonal (f of a square whose side is unity \s d = y/2. 
Hence d may be defined as the limit of the variable line-segment whose 
successive lengths are 1, 1.4, 1.41, 1.414-.. See §§ 234, 240. 

In like manner, the length of any line-segment, whether 
commensurable or incommensurable with the unit seg- 
ment, may be defined in terms of a limit. 

Thus, if a variable segment is increased by successively adding to it 
one half the length previously added, then the segment will approach 
a limit. If the initial length is 1, then the successive additions are }, 
i> h iV> i^y ^tc, and the successive lengths are 1, IJ, 1{, 1}, 1^, 1^, 
etc. Evidently this segment approaches the limit 2. 

Hence 2 may be defined as the limit of the variable segment, 
whose successive lengths are 1, 1^, 1}, 1}, etc., as the number of suc- 
cessive additions is increased indefinitely. 

386. A useful definition of a tangent to a circle, or to 
any other smooth curve, may be given in terms of a limit. 

Let a secant cut the curve in a fixed point A and a 
variable point £, and let the point B 
move along the curve and approach 
coincidence with A^ thus making the 
secant continually vary its direction. 

Then the tangent is defined to be 
the limiting position of the secant as 
B approaches A indefinitely. 

This definition of a tangent is used in all higher mathematical 
work. It includes the definition given in the case of the circle in § 183. 

887. The functional relation between variables and the 
idea of a limit as illustrated above are two of the most im- 
portant concepts in all mathematics. The whole subject is 
much too difficult for rigorous consideration in this course. 
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388. BXBRCI8B8. 

1. Find the limit of a variable line-segment whose initial length 
is 6 inches, and which varies by successive additions each equal to 
one half the preceding. 

2. Find the limit of a variable line-segment whose initial length 
is 1 and whose successive additions are .3, .03, .003, etc. 

3. Construct a right triangle whose sides are 1 and 2. By approxi* 
mating a square root, find five successive lengths of a segment which 
approaches the length of the hypotenuse as a limit. 

4. If one tangent to a circle is fixed and another is made to move 
so that their intersection point approaches the circle, what is the 
limiting position of the moving tangent ? What is the limit of the 
measure of the angle formed by the tangents ? 

5. The arc AB of 74° is the grater of the two arcs intercepted be- 
tween two secants meeting at C outside the circle. The points A and B 
remain fixed while C moves up to the circle. What is the limit of the 
angle formed by the secants ? The limit of the measure of their angle ? 

6. If in the preceding the secants meet within the circle, what is 
the limit of their angle and also of the measure of this angle ? 

7. If in Ex. 5 one secant and the intersection point remain fixed, 
while the other secant approaches the limiting position of a tangent 
at the point A, find the limit of the nieasure of the included angle. 

8. If in Ex. 6 one secant and the point of intersection remain 
fixed while the other secant swings so as to make the included angle 
approach a straight angle, find the limit of the measure of the angle. 

9. If in Exs. 5 and 6 the moving point crosses the circle, state the 
theorem on the measurement of the angle in question so as to apply 
equally well whether the point is inside or outside the circle. 

10. A fixed segment A Bis divided into equal parts, and equilateral 
triangles are constructed on each 
part as a base, as k^BEC, CGD, 
DHA, Then each base is divided 
into equal parts and equilateral tri- 
angles are constructed on these parts 
as bases. What is the limit of the 
sum of the perimeters of these triangles as the number of them is 
increased indefinitely? What is the limit of the sum of their areas? 




CHAPTER VII. 

REVIEW AND FURTHER APPLICATIONS. 

ON DEFINITIONS AND PROOFS. 

389* A definition is a statement that a certain word or 

phrase is to be used in place of a more complicated 

expression. 

Thus the word "triangle" is used instead of "the figure formed 
by three segments connecting three non-collinear points/* 

In geometry we may distinguish two classes of words : 

(a) Technical words representing geometric concepts 
such as line, plane, polygon, circle, etc. 

(J) Words of ordinary speech not included in the first 
class. 

The meaning of words in the second class is taken for 
granted without any definition whatever. It is not 
possible to define every word of the first class, for every 
definition brings in new technical terms which in turn 
require definition. 

Thus, one of the many definitions of "point" is "that which 
separates one part of a line from the adjoining part." 

In this definition the technical terms " separate," " line," " adjoin- 
ing " are used. If we try to define these, still other terms are brought 
in which need to be defined, and so on. The only escape is defining 
in a circle, which is not permitted in a logical science. 

Since it is thus evident that some terms must be used 
without being defined, it is best to state which ones are 
left undefined. 

220 
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890. In this book pointy straight line^ or simply line^ 
plane^ size and shape of figures are not defined. Nor do 
we define the expression, a point is between two other 
points^ or a point lies on a segment. 

Descriptions of some of these terms which do not, how- 
ever, constitute definitions in the logical sense are given 
in §§ 1-5. 

Other technical terms are defined by means of these 
simple undefined words with which we start. 

Thus, " a segment is that part of a line which lies between two of 
its points " is a definition of segment in terms of the three undefined 
words, point, line, and between. 

391. A geometric proposition consists of an affirmation 
that a geometric figure has some property not explicitly 
specified in its definition. 

A proposition is said to be proved if it is shown to fol- 
low from other propositions which are admitted' to be 
true. Hence every geometric proposition demands for its 
proof certain other propositions. 

392. It is obvious, therefore, that certain propositions 
must be admitted without proof. Such unproved propo- 
sitions are called axioms. 

In order that a set of axioms for geometry shall be 
complete it must be possible to prove that every theorem 
of geometry follows from them. The set of axioms used 
in this text is not complete. 

For instance, it is assumed without formal statement that if ^4, B, 
C, are three points on a segment we cannot have at the same time B 
between A and. C and C between A and B ; that the diagonals of a 
convex quadrilateral intersect each other ; that a ray drawn from the 
vertex of an angle and included between its sides intersects every 
segment determined by two points, one on each side of the angle. 
In like manner many other tacit assumptions are made. 
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898. In a complete logical treatment every undefined 
term must occur in one or more axioms, since all knowl- 
edge of this term in a logical Berne comes from the axioms 
in which it is found. In this text not every undefined 
term occurs in an axiom, for instance, the word between. 

The axioms are, of course, based on our epace intuition^ 
or on our experience with the space in which we live. It 
is interesting to notice, however, that the axioms tran- 
scend that experience both as to exactness and extent. For 
instance, we have had no experience with endless lines^ 
and hence we cannot know directly from experience 
whether or not there are complete lines which have no 
point in common. See §§ 89, 96. 

894. Proofs are of two kinds, direct and indirect. A 
direct proof starts with the hypothesis and leads step by 
step teethe conclusion. 

An indirect proof starts with the hypothesis and with 
the assumption that the conclusion does not hold, and 
shows that this leads to a contradiction with some known 
proposition. Or it starts simply with the assumption 
that the conclusion does not hold and shows that this 
leads to a contradiction with the hypothesis. This kind 
of proof is based upon the logical assumption that a 
proposition must either be true or not true. The proof 
consists in showing that if the proposition were not true, 
impossible consequences would follow. Hence the only 
remaining possibility is that it must be true. 

895. Every proposition in geometry refers to some 
figure. See § 12. The essential characteristic of a figure 
is its description in words and not the dramng that repre- 
sents it. Each drawing represents just one figure from 
a class of figures defined by the description. Thus we say 
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"let ABCD be a convex quadrilateral," and we construct 
a particular quadrilateral. We must then take care that 
all we say about it applies to ant/ figure whatever so long 
as it is a convex quadrilateral. The logic of the proof 
must be entirely independent of the appearance of the 
constructed figure. 

The description of the figure must contain all the con- 
ditions given by the hypothesis. 

A good way to show that the description of the figure is what really 
enters into the proof, is to let one pupil describe the figure in words 
and each of the others draw a figure of his own to correspond to that 
description. The proof must then be such as to apply to every one of 
these figures though there may not be two of them exactly alike. 

396. BZBR0I8B8. 

1. Every word in the language is defined in the dictionary. How 
is this possible in view of what has been said about the impossibility 
of defining every word? 

2. Can we determine experimentally whether or not the space in 
which we live satisfies the parallel line axiom (§ 96) ? 

3. Can we determine experimentally whether or not there can be 
more than one straight line through two given points? 

4. Which theorems of Chapter I are found by direct proof and 
which by indirect proof ? 

5. If two triangles have two angles of the one equal to two angles 
of the other, and also any pair of corresponding sides equal, the 
triangles are congruent. 

6. If two triangles have two sides of the one equal to two sides of 
the other, and also any pair of corresponding angles equal, the triangles 
are cong^ruent in all cases except one. Discuss the various cases 
according as the given equal angles are greater than, equal to, or less 
than a right angle, and are, or are not, included between the equal 
sides, and thus discover the exceptional case. 

7. State a theorem on the congruence of right triangles which is 
included in the preceding theorem. 
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8. What theorems of Chapter I on parallel lines can be proved 
without the parallel line axiom? 

9. What theorems of Chapter I on parallelograms can be proved 
without the parallel line axiom ? 

10. W^hat regular figures of the same kind can be used to exactly 
cover the plane about a point used as a vertex ? 

11. What combinations of the same or different regular figures can 
be used to exactly cover the plane about a point used as a vertex ? 

12. Suppose it has been proved that the base angles of an isosceles 
triangle are equal but that the converse has not been proved. 

On this basis can it be decided whether or not the base angles are 
equal by simply measuring the sides ? 

Can it be decided on the same basis whether or not the sides are 
equal by simply measuring the base angles? Discuss fully. 

13. The sum of the three medians of a triangle is less than the sum 
of the sides. See £x. 34, p. 83. 

14. The sum of the three altitudes of a triangle is less than the 
sum of the 'sides. 

15. A triangle is isosceles (1) if an altitude and an angle-bisector 
coincide, (2) if an altitude and a median coincide, (3) if a median 
and an angle-bisector coincide. 

16. If two sides of a triangle are unequal, the medians upon these 
sides are unequal and also the altitudes. 

17. An isosceles triangle has two equal altitudes, 
two equal medians, and two equal angle-bisectors. 

18. ABCD is a square and the points E, F, Gy H, 
are so taken that AE = AH = CF- CG. Prove 
that EFGH is a rectangle of constant perimeter, 
whatever the length oi AE, 

19. The bisectors of the exterior angles of 
a parallelogram form a rectangle the sum of 
the diagonals of which is the same as the 
sum of the sides of the parallelogram. 

20. Prove that the perpendicular bisectors 
of the sides of a polygon inscribed in a circle 
meet in a point. Use this theorem to show 
that the statement is true of any triangle. 
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21. The bisectors of the exterior angles of any quadrilateral form 
a quadrilateral whose opposite angles ai*e supplementary. 

Definition. In a polygon of n sides there 
are n angles and hence 2 n parts. Parts a, 
Z A^ b^Z JB, etc., are said to be consecutive if 
a lies on a side oi ZA, b lies on the other 
side of Z A^ and also on a side of Z JB, etc. 

22. Is the following proposition true ? If in two polygons each 
of n sides 2n — 3 consecutive parts of one are equal respectively to 
2n — 3 consecutive parts of the other, the polygons are congruent. 

Suggestion. Try to prove this proposition for n = 3, then for 
n = 4, and finally for the general polygon, 

23. What theorems on the congruence of triangles are included in 
the preceding proposition ? 

A proposition may be proved not true by giving one ex- 
ample in wliich it does not hold. 

24. Is the following proposition true? If in two polygons each of 
n sides 2 n — 3 parts of one are equal respectively to 2 n — 3 correspond- 
ing parts of the other, the polygons are congruent provided at least 
one of the equal parts is a side. 

25. Given three parallel lines, to construct an equilateral triangle 
whose vertices shall lie on these lines. 

Solution. Let P be any point on the 
middle line Zj. Draw PC and PA , each at 
an angle of 60° with l^ Through the points 
A, P, C construct a circle meeting /g in ^' 
Then ABC is the required triangle. 

Suggestion for Proof. Compare d 
BPA and BCA also A BPC and BAC. 

26. Show how to modify the construction of the preceding example 
80 as to make ABC similar to any given triangle. 

27. If tangents are drawn to a circle at the extremities of a 
diameter and if another line tangent to the circle at P meets these 
two tangents in A and B respectively, show that A P • PB = r^, 
where r is the radius of the circle. 
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LOCI CONSIDERATIONS. 

397. Two methods are available to show that a certain 
geometric figure is the locus of points satisfying a given 
condition. 

First method : 

Prove (a) Every point satisfying the condition lies on thejigure. 
(6) Every point on thejigure satisfies the condition. 

Second method : 

Prove (a') every point not on the figure fails to satisfy the condition, 
(h') Every point on the figure satisfies the condition. 

The first of the methods is more direct and usually more 
simple. See § 127. 

The second is likely to lead to proofs that are not 
general, 

PROBLBMS AND APPLICATIONS. 

1. AB \& 2l fixed segment connecting two parallel lines and per- 
pendicular to each of them. Find the locus of the 



^^ 



A 






vertices of all isosceles triangles whose common — . ^^ . „ 

base is AB. Is the middle point of ^^ a part of — ^Cr ->^' - 

this locus? ^ 

2. If in Ex. 1 ^B is allowed to move always 
remaining perpendicular to the given lines, and if A BC is any tri- 
angle remaining fixed in shape, find the locus of the 
point C. 

3. Find the locus of the centers of all parallelo- 
grams which have the same base and equal altitudes. 

4. Find the locus of the centers of parallelograms 
obtained by cutting two parallel lines by parallel secant lines. 

5. Find the locus of the vertices of all triangles which have the 
same base and equal areas. 

6. Find the locus of a point whose distances from two intersect- 
ing lines are in a fixed ratio. 

Note that the whole figure is symmetrical with respect to the 
point of intersection of the two giveh lines as center of symmetry. 
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7. Find the locus of a point such that the difference of the 
squares of its distances from two fixed points is a constant. 

Note that the locus must be symmetrical with 
respect to the perpendicular bisector of the segment 
connecting the two given points A and B. 

Show that in the figure AP^ - PB^ = AC^ - CB^ ^"^ 

8. The lines /| and ^^ meet at right angles in a 



^ 



c\ 



7^ 



^B 




a 



point A, is any fixed point on /g. Through O draw a line meet- 
ing ?j in B. P is & varying point on this 
line such that OB • OP is fixed. Find the 
locus of P as the line swings about as a 
pivot. 

Suggestion. Draw PD JL to BP. 
Show that BO' OP = AO > OD. Hence 
we obtain a set of right triangles whose 
common hypotenuse is OD. Find the locus of the vertex P. 

9. Find the locus of all points the sum of whose distances from 
two intersecting lines is equal to a fixed segment a. „ 

Suggestion. ItAB and CB are the given lines, 
investigate points on the base ^ C of the isosceles 
triangle ABC in case the perpendicular from C on 
AB is equal to a, 

10. The figure ABCDEF is a regular hexagon. A/ ->\o 

AG, BH, etc., are equal segments bisecting the 
angles A, B, etc. 

(a) Prove G^iy II ^J5. 

(6) Prove that the inner figure is a regular 
hexagon. 

Suggestion. Show ABffG congruent to the 
other similar parts by superposition. ^ ^ 

(c) Find how many degrees in Z.AGH and /.BHGy as needed by 
a carpenter in making a hexagonal frame. 

11. The figure ABCD is a parallelogram. The points E, F, G, H 
are taken so that AE = CG and AH — CF. 

Prove A FCG s A .4 EH and A EOH ^ A FOG, DOC 

This figure is found in an old Roman jd^-^-nT/^' 
pavement in Sussex, England. akb 
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12. The figure ABCD is a. square. AE = BF= CG = DH, and 
Es, Fz, Gib, Hx are bo drawn that ^1 = ^2 = Z3 = /^4. 

(a) YinAAEyF,FzG,etc. 
SuGaKSTioiT. Through B draw a line parallel to 
Fz and make use of the A thus formed. ^ 

(fc) Prove EBFy S FCGz S GDIlw S /7/1 Ei. 
(e) What kind of figure is jrjiiw? Prove. 
See the iicconipanying design. 

13. til a square /I AC/> diagonals and iliameters 
are drawn a.i shown in the figure. (A line connect- 
ing tbe middle points of opposite sides of a quadri- 
lateral is a diameter.) The points K, L, N are laid 
off80th8tilfA^=itfK = MI.. Tde small triangles Pa«I"« Pattern, 
on the other sides are constructed congruent to KLN, Through the 
vertices of the triangles lines EF, FG, etc., are drawn parallel to the 
aides of the given square. 



Tile Pattern. 

Prove that (a) A KNK, T.P.FN, etc., are congruent parallelograi 
and hence that EF, FG, etc., 
Ex.6, S 123.) 

(6) ABFE^BCGF. 

((■) EFG// is a square. 

(</) KN and QP lie on 
line. 






14. The figure AliCD is a sqaare. PQ 
and RS are diameters. The jwints E, F, G. 
H, ... are so taken that AF. = EF ^ BG 
= HC= .... Also O.V = OK - OL = 0.\T. 




straight 
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(a) Prove that A KXF ? A GKIl. 

(b) Prove that TMONEA = FNOKOB. 

(c) How many axes of Bj-mmetry has the figure 
TAENFBGKH -l 

(rf) Has this figure a center of symmetry? 

See the four squares in tlie accompanying 
design. 

15. A cross-over track is constructed as shown in the figure. 
The rails of the curved track are 

tangent to those of the main line at 
A, B, F and G. The curves are tan- 
gent to each other at D and E. The 
arcs GE and BD have equa] radii as 
have the arcs AE and DF. C, is the 
center of the arcs GE and FD and Cj 
is the center of the arcs BD and A E. 

(a) Prove that CjffC, ia a right 
triangle. 

(h) If the distance between the 
tracks is 5 feet and the distance be- 
tween the rails in each track (the 
gauge) is a feet, show that * 

Since a and b are given, this equation may be solved for x 
of ji or for y in terms of x. 

Hence if the distance AK is known, we may use this equation to 
compute the radii of the arcs used in constructing the figure. 

On the other hand, if the radii of the arcs are known, we may 
compute the distance AK. 

This is a very common problem in railway construction. 
The construction is also used in laying out a curved street 
to connect two parallel streets. 

16. If in the preceding problem a = i feet 8{ inches, h 
and AK = 200 feet (an actual case), find the radii of the arc 

Using the same values for a and & as in the preceding example, 
find ^tf if C,E = 300 feet 
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FURTHER DATA CONCERinNG CIRCLES. 

398. In Chapter II numerous theorems were proved 
concerning the equality of arcs, angles, chords, etc. 

The three following theorems involve ineqtuzlities of 
these elements. The student should construct figures in 
each case and give the proof in full. 

399. Theorem. In the same circle or in equal circles^ 
of two unequal angles at the center the greater is sub- 
tended by the greater arc ; and of two unequal arcs the 
greater subtends the greater angle at the center. 

The proof is made by superposition. 

400. Theorem. In the same circle or in equal circles, 
of two unequal minor arcs the greater is subtended by 
the greater chord; and of two unequal chords the 
greater subtends the greater minor arc. 

The proof depends upon the theorem of § 117. 

401. Theorem. In the same circle or in equal circles^ 
of two unequal angles at the center^ both less than 
straight angles^ the greater is subtended by the greater 
chord; and of two unequal chords the greater subtends 
the greater angle at the center. 

402. Problem. On a 
given line-segment as a 

chord to construct an arc I /, \ \ y/ 

of a circle in which a ^ '^ ^ 

given angle may he in- 
scribed. 

Construction. Let K be the given angle and AB the given 
segment. 
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It is required to construct a circle in which AB shall be 
a chord and such that an angle inscribed in the arc AMB 
shall be equal to the given angle K. 

At A construct an angle BAC equal to Z K. 

If now a circle were passed through A and B so as to 
be tangent to ^C at A, then one half the arc AB would 
be the measure of the angle BAC. See § 219. 

Then any angle inscribed in the arc AMB as Z APB 
would be equal to Z BAC =Zk. 

Hence the problem is to find the center of a circle tan- 
gent to AC at A and passing through A and B. 

Let the student complete the construction and proof. 

403. BXBRCISBS. 

1. Prove that the problem of § 402 may be solved as follows : 
With A, any point on one side of the angle K, as center and AB sls 
radius strike an arc meeting the other side of the angle at B. Cir- 
cumscribe a circle about the triangle ABK. 

2. Show that from any point within or outside a circle two equal 
line-segments can be drawn to meet the circle and that these make 
equal angles with the line joining the given point to the center. 

3. Show that if two opposite angles of any quadrilateral are sup- 
plementary, it can be inscribed in a circle. 

Suggestion. Let ABCD be the quadri- jy 

lateral in which /.A -{■ ZC = 2 rt.A. y'''^7^N^v 

Pass a circle through B, C, and D. To prove X /Jl ^^^n 

that A lies also on the circle, and not at some / /// jl 

inside or outside point as .4' or A". V^7 'V V 

(1) Show that ^ .4' > Z ^ and Z i4" < Z .4 . n^<Ij^^-^^ 
See §§ 217, 222. 1^^^^..^::^ 

(2) Hence Z^' + Z r>2 rt. /i if A' is A-^' '^ 
within the circle and Z .4" + Z C<2 rt. A\i A" A' 

is outside the circle, both of which are contrary to the hypothesis. 
Hence the fourth vertex must lie on the circle. 

Show that the condition that the polygon is convex follows from 
the hypothesis. 
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404. Problem, lo draw a common tangent to two 
circles which lie wholly outside of each other. 





Construction. Let the given circles be and ff of which 
the radius of the first is the greater. 

Required to draw a tangent common to both circles. 

Draw an auxiliary circle with center O and radius 
equal to the difference of the two given radii in one figuro 
and equal to the sum of these radii in the other figure. 

In each case draw a tangent to this auxiliary circle 
from c/, thus fixing the point D. See § 230. 

Draw the radius OD^ thus fixing the point P. 

Draw O^P' II DP^ thus fixing the point P'. 

Then PP' is the required tangent. 

Proof : Show that, in each case, PP^&D is a rectangle, 
thus making PP' perpendicular to the radii OP and (/p', 
that is, tangent to each circle. 

Definition. A common tangent to two circles is called 
direct if it does not cross the segment connecting the 
centers, and transverse if it does cross it. 

405. BXBRCISBS. 

1. Describe the relative positions of two circles if they have two 
direct common tangents. Also if they have only one. 

2. Describe the positions of two circles if they have two transverse 
common tangents ; one ; none. 
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PROBLEMS AND APPLICATIONS. 

1. Find the locus of the middle points of all chords of a circle 
drawn tlirough a fixed point within it. j^ 

2. The sides AD and BC of the square ABCD 
are each divided into four equal parts and a circle 
inscribed in the square. Lines are drawn as shown 
in the figure. Show that EFGIIKL is a regular 
hexagon. 

This is the construction by means of -^ 
which a regular hexagonal tile is cut from a square tile. 

3. In the preceding example what fraction of the area of the square 
is covered by the hexagon. 

4. A circle of constant radi.us passes 
through a fixed point A, A line tangent to 
it at the point P remains parallel to a fixed 
line BD. Find the locus of P. 

Suggestion. In the figure prove A C*PC 
a parallelogram. Show that the locus consists 
of two circles. 

5. The same as the preceding except that 
the circle of constant radius remains tangenii 
to a fixed circle instead of passing through a 
fixed point. 

Suggestion. On that diameter of the fixed 
circle which is perpendicular to the fixed line 
lay off ^ C = C'P. Prove A C'PC a parallelo- 
gram. Show that the locus consists of two 
circles. 

6. In the square ABCD, AM = OB =-. BU = FC, etc. The point 
E is the intersection of the segments MV and TU, F is the inter- 
section of OR and TU, G is the intersection of OW 
and USy etc. When these segments are partially 
erased, we have the figure. 

(a) Prove that TMEN, OUGF, etc., are squares, 
(ft) What kind of a figure is MOFE ? Prove, 
(c) How many axes of symmetry has the figure 
NEFGH ...? Has it a center of symmetry? 
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From the 
Alhambra. 



7. A BCD is a square the mid-points of whose sides are joined. 
On its diagonals points E, K^ P, T are taken so that AE z^ BK = CP 
= DT. The construction is then completed as 
shown in the figure. (FG and MN lie in the same 
straight line.) 

(a) Prove that Ey K, P, T are the vertices of a 
square. 

(b) U AB = Q find AE so that the area of the 
square EKPT shall be half that of the square 
ABCD. 

(c) If AB = 6, and if CP = PS, find the area 
of the figure EFGHKLM •• . Also find the area 
of the trapezoid BKLR, 

(d) If CP = i CS, find the a^ea of the inside 
figure and also of BKLR, 

(e) What fraction of CS must CP be in order 
that the inside figure shall be half the square ? 

(/) If the inside figure is J of the sqaare and if AB = 8 inches^ 
find CP. 

8. In the figure A BCD is a square. Each 
of its sides is divided into three equal parts 
by the points E, F, G, H, "-, The points E, 
X, Y, H] FyXfW,M] etc,, lie in straight lines. 

(a) If AB = Q inches, find the area of that 
part of the figure which lies outside the shaded 
band. 

(6) If AB = Q inches, and if the width of 
the shaded band is i inch, find the area of the 
band. 

(c) T{AB = S inches and XP = i inch, find 
the area of that part of the figure which lies 
inside the band. 

(d) If AB = S inches, what must be the 
width of the band in order that it shall occupy 
10 % of the area of the whole design? 

(e) li AB = a inches find the width of the band if it occupies n 
per cent of the area of the whole design. 





Parquet Flooring. 
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9. Bj means of the accompanyiDg figure P 

find the area of a regular dodecagon whose mdea 
are inches. Notice that the dodecagon con- 
sists of the regular hexagon in the center, the six 
equilateral triangles, and the six squares. 

Note how this figure entere into the accom- 
panying tile design. 

10. Find an expression for the area of a regu- 
lar dodecagon whose sides are a. 

11. Find the apotbem of a regular dodec^on 
by dividing its area by half the perimeter. Also 
find it by finding the apothem of tiis hexagon 
and then adding a to this. Compare results. 

12. Find the radius of a circle circumscribed about a regular 
dodecagon whose side is a. 

13. If the accompanying design for par> 
quet border is 10 inches wide, find the 
width of the strips from which the small 
squares are made. Also find this result if 
the width of the border is a. 

14. In the figure of the preceding 
example find the dimensions of the small 
triangles along the two edges if the width 
of the border is a inches. 

15. Show that the figure given below may 
be used as the basis for the design shown 
beside it (See Ex. 7, p. 147.) 

16. If an outeide of each of the two 
squares shown in the figure is 6 inches, find 
the width of the strips of which they are 
made in order that each shall fit closely 
into the comer of the other? 

SuaoEBTios. Find the altitude on 
EM in A UBM above if .^B = 6 

This is a common Arabic 
ornament. 
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17. In the figure ABCD is a square. On 
each side a triangle, two of whose sides are 
parallel to the diagonals of the square, is so 
constructed that the points E^ Fy and G lie in 
the same straight line. 

(a) Prove that the triangles are right isos- 
celes triangles. 

(h) What part of the square lies within 
the triangles ? 

(c) If AB-a, find ^^ so that the tri- 
angles shall occupy — of the area of the square. 

n 

See the accompanying tile pattern. 

18. ABCD is a square and the small fig- 
ures in the corners are squares. 

(a) Show that if the lines intersect as 
shown in the figure A E must be \ of AB. 

(b) li AB = Q inches find the areas of the 
squares A^B^C'D' and XYZW. 

19. In the tile design show that the figure 
within the square is the same as that of Ex. 
18. What part of the large square is occupied 
by each shaded part ? 

20. A BCD is a square. AE = FB = 
BK = LC= CP = QD =DR = SA. 

(a) If AB = a and ii AE = b, find the sura 
of the areas of the four shaded rectangles. 

(6) ltAB=zS inches, find AE so that the 
sum of these rectangles shall be ^ of the whole 
square. Interpret the two solutions. 

(c) Ji AB = a inches, find AE ao that the 

sum of the rectangles shall be - of the square.. 

n 

21. (a) Show that in the accompanying de- 
sign for tile flooring the size of any one piece 
determines the size of every piece in the figure. 

(b) What fraction of the figure is occupied by 
each color? 




mm 

gags. 
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22. This tile floor design 
based on the plane figure ai 
this in turn is based 
figure of Ex.' 17 whi 



the 



AE 



AB 



What part of the whole design 
is occupied by tiles of the varioi 






23. ABCD is a aq^uare. Lines are drawn 
parallel to the sides and intersecting aa showu 
in the figure. 



as the; do. 

(?) If .4if = 6 inches, find the areas of the 
squares SXZQ and RTYP. 

(c) Find these areas ^ AB = a. 

(d) Show that the outline figure is the basis 
of the tile design here given. 



24. ABCD and A'B'C'D' are equal square*. A'B'CD' is sup- 



rouoded by strips of equal width, 

(a) UAB = a, find AF, FE, and EB. 
(6) Find the width of the strips if their 
outer edge passes through the points A,B, C. D, 
when AB = 8 inches- Also when AB = a. 

(c) If ^B = o, find /I'/f and hence A'i. 

(d) If the width of the strip is 1 inch, find 
KL. 

(e) Tf the width of the strip is 6, find KL. 
(/) It KL = c, find the width of the strip. 
When the width of the parquet floor border 

shown in the figure is given, (/) is tlie problem 
one needs to solve to know how wide a dark strip 
to use. Compare Ex. l<t, page 335. 
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THB mCOMHENSURABLB CASES. 

406. We have seen, in § 234, that there are segments 
which are Incommensarable ; that is, which have no com- 
mon unit of measure, — for instance, the side and the 
diagonal of a square. 

For practical purposes the lengths of such segments are 
approximated to any desired degree of accuracy, and their 
ratios are understood to be the ratios of these approximate 
numerical measures. See §§ 238-240. 

All theorems involving the ratios of incommensurable 
segments, and the lengths and areas of circles, have thus 
far been proved only for such approximations, and these 
are quite sufl&cient for any refinements of measurement 
which it is possible to make. 

But for theoretical purposes it is important to consider 
these incommensurable cases further, just as in algebra we 
not only approximate such roots as V2, V3, V6, etc., but 
we also deal with these surds as exact numbers. 

For instance, in such an operation as 

(V3 + V2)( V3 - \^)= 3 - 2 = 1. 

While the length of the diagonal of a unit square cannot 
be expressed as an integer or as a rational fraction, that is, 
the quotient of two integers, we nevertheless think of such 
a segment as having a definite lengthy or what is the same 
thing, a definite ratio with the unit segment forming the 
side of the square. 

E,g, If (1 is the diagonal of the square whose side is 1, then 

c?2 = 1 + 1 or (/ = v^. Now suppose v5 = ? » a fraction in its lowest 

2 ^ 

terms. Then 2 =—, a fraction also in its lowest terms. But a 

0* _ 

fraction in its lowest terms cannot be equal to 2. Hence V2 is 

neither an integer nor the quotient of two integers. 
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407. The following axiom and that of § 409 B,Te funda- 
mental in the consideration of incommensurable line-seg- 
ments. 

Axiom X. Every line-segment ab has a definite length, 
which is greater than ac if c lies between a and b. 

The length of a line-segment is in every case a number, 
which is rational (an integer or the quotient of two inte- 
gers) in case the segment is commensurable with the unit 
segment, but which otherwise is irrational. Under the 
operations of arithmetic these irrational numbers obey the 
same laws as the rational numbers. 

The length of a line-segment is often called its numeri- 
cal measure. 

408. The exact ratio, or simply the ratio, of two line- 
segments is the quotient of their numerical measures, 
whether these are rational or irrational. That is, every 
such ratio is a number. 

It is obvious that a segment may be constructed whose 
length is any given rational number. We have also seen 
how to construct with ruler and compasses segments whose 
lengths are certain irrational numbers, such as V2, V3, 
V5, etc. See Ex. 8, § 295. 

409, We now assume the following 

Axiom XI. For any given number K there exists a 
line segment whose length is K. 

This does not imply that it is possible by means of the 
ruler and compasses to construct si, segment whose length is 
any given irrational number. For instance, we cannot 
thus construct a segment whose length is V2. 

We now prove the fundamental theorem on the propor- 
tionality of sides of triangles. 
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410. Theorem. A line parallel to the base of a tri* 
angUy and meeting the other two sides, divides these sides 
proportionally. 

Given A ABC with DE II AB* /k 

m CD CE / V 

To prove — = — j{/_ \n 

CA CB p X " A jgt 

Proof: Whether CD and CA are X \ 

commensurable or not, we know by 

cjy CE 
§§ 407, 408 that — and — are definite numbers. We prove 

CA CB 

that these numbers cannot be di£Ferent. 

TTl* i CJj ^ CE 

r irst, suppose — < 

^ CA CB 

Take F between C and E so that — = — • Ax. XI Cl) 

CA CB ^ 

Divide CB into equal parts, each less than EF. Then 
at least one of the division points, as G, lies between 
E and F. Draw GH II AB. 

Since CG and CB are commensurable, we have, by § 243, 

CH^CG 
CA Cb' 



(2) 



Dividing (1) by (2), we have — = -^. But this can- 

CH CiG 

not be true, since CD > CH and CF < CG. 

Hence — cannot be less than — . Why? 

CA CB "^ 

CD 

Secondly, prove in the same manner that — cannot be 

CE . ^^ 

greater than — . Hence, since the one is neither less than 

CB 
nor greater than the other, these ratios must be equal. 

The following treatment of incommensurable arcs and 
angles is exactly similar to the above. 



REVIEW AND FURTHER APPLICATIONS. 241 

411. Axiom XII. Any given arc ab has a definite 
ratio with a unit arc^ which is greater than that of an 
arc ACy if c lies on the arc ab. 

412. Axiom ZIII. Atiy given angle abc has a defi- 
nite ratio with a unit angle^ which is greater than 
that of ABD if BD lies within the angle abc. 

413. Theorem. In the same or equal circles the 
ratio of two central angles is tlie same as the ratio of 
their intercepted arcs. 

E 





Outline of Proof : We show that m the figure y* 

arc AB ^ ^^^ 

can neither be less than nor greater than 



arc CD 



c Z.AOB ^ arc AB 
Suppose r— < 

Z. CO'd arc CD 



Then take E so that r— = • (1) 

Z co'd arc CD 

Divide arc CD into equal parts each less than arc EB. 
Lay off this unit arc successively on ^B reaching a point 
F between E and B. Then arcs AF and CD are commen- 
surable and by a proof exactly similar to that of § 243, 
making use of § 199, we can show that 

Z AOF arc AF 



Zco'd arc CD 
Complete the proof as in § 410. 



(2) 
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414. Axiom XIV. Any given rectangle vnth hose h 
and altitude a has a definite area xohich is greater than 
that of another rectangle with base V and altitude cC 
if a>a and h>V or if a> a' and h > h\ 

415. Theorem. The area of a rectangle is the prod- 
uct of its base and altitude. 



D 



F 



E. 



c 



a 



a\ 



>a 



n 



Proof : Denote the base and altitude by h and a, respec- 
tively, and the area by A. 

Suppose A < a5, and let a! be a number such that A —dh. 
Lay off JBJB?= a'. 

Consider first the case where 5 is commensurable with 
the unit segment and a is not. 

Divide the unit segment into equal parts each less than 
CE and lay off one of these parts successively on BC reach- 
ing a point F between E and C. 

Denote the length of JBJ^by a", and draw FF' II AB. 

Then by § 307 the area of ABFF^ is a" 5. 

By hypothesis A = a'6, but a'6 < a"6 since a' < a". 

Hence A < a!^l. (1) 

But by Ax. XIV A > a'^b. (2) 

Hence the assumption that A<ah cannot hold. 

In the same manner prove that the A'>ab cannot hold. 

The proof in case both sides are incommensurable with 
the unit segment is now exactly like the above and is left 
to the student. 
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416. Axiom XV. A circle has a definite length and 
incloses a definite area which are greater than those of 
any inscribed polygon and less than those of any cir- 
cumscribed polygon. 

417. Theorem. For a given circle and for any 
number k, howetjer small^ it is possible to inscribe and 
to circumscribe similar polygons such 
that their perimeters or their areas 
shall differ by less than k. 

Proof : First, Let p and p' be the 
perimeters of two similar polygons, the 
first circumscribed and the second in- 
scribed, and let a and a' be their apothems. 




Then 



Hence 



P^^ or P-P' -^ 
p' a' p 



a —a' 



a' 
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p-^p'=p' . 



a — a' 



Now a^ d can be taken as small as we like. 



Hence p 






can be made as small as we please; that 



is, p — jp' can be made smaller than any given number JT. 
Second, letting P and p' be the areas of the circum- 
scribed and inscribed polygons respectively, we have 

P <fi 

—7 = —75, and the proof proceeds exactly as before. 

418, Since the length C of the circle is greater than p^ 
and less than p^ it follows that C is thus made to differ 
from either p or jp' by less than K. 

And since the area A of the circle is greater than P' 
and less than P, it follows that A is made to differ from 
either P or P' by less than K. 
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419, Theorem. The lengths of two circles are in the 

same ratio as their radii. 

Proof: Let c and </ be the lengths of two drdes whose 

centers are O and Of and whose radii are r and r'. 

c r c 

We shall prove that -7 = "7^7 showing that— is neither 

less than nor greater than -j. 

c T r 

First, suppose that "7 < -7 or <?< er' • -j. 

r 
And let e diflfer from c' • -j by some number jr. 

Now circumscribe a regular polygon P about O O with 
perimeter f such that 

This is possible since p can be made to differ from e by 
less than K (§ 418). 

Also circumscribe a polygon p' similar to P about O o' 
with perimeter p'. 

Then -^ = -r, or » = »' • -7. 

p' r r IT ^ 

But p^>(/ and hence p>c' -—. (2) 

Hence the supposition that 7 < "7 leads to the contra- 
diction expressed in (1) and (2) and is untenable. ■ 
Now prove in same way that — > — is untenable. 

420. Theorem. The areas of Iido drdes are in the 
same ratio as the squares of their radii. 

Using §§ 348 and 418, the proof is exactly similar to 
that of the preceding theorem. 
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FROBLBHS tXS APPUCATIOHS. 

1. A billiard ball ia placed at a point P an & billiard table. In 
what direction must it be shot in order U> return to the mme point 
after hitting all four sidea ? 

(The angle at which the ball is reflected from a y^-'^A 
side is equal to the angle at which it meets the side, &s^'''^-^^ 
that 18,^1 = Z2, and^3= ^4.) C iK^ -, J 

SuGGEBTiOK. (a) Show that the opposite sides of the quadrilateral 
along which the ball travels are parallel. 

(&) If tlie ball is started parallel to a di^onal of the table, show 
that it will return to the startiug point. 

3. Show that in the preceding problem the length of tbe path 
traveled by the ball is equal to the sum of the diagonals of the table. 

3. Find the direction in which a billiard ball must be shot from 
a given point on the table so as to 
strike another ball at a given point 
after first striking one aide of the 

SoGBESTioN. ConatructBE J, to 
that side of the table which the ball 
is to strike and make ED = BE. 

4. The same as the preceding problem except that the cue ball is 
to strike two sides of the table before striking the other ball. 

SucGEBTiON. B'E' = E'D', VH = HF. 

5. Solve Kx. 4, if the cue ball is to strike three sides before strik- 
ing the other ball, — also if it is to strike all four sides. 

6. In the figure ABCDEF is a regular hexagon. 
Prove that: (a) AD, BE, and CF meet in a point 
(6) ^BCO is a rhombus. 

(c) The inner circle with center at and tbe 
arcs with centers at .4 , B, C, etc., have equal radii. 

(J) The straight line connecting A and C is 
tangent to the inner circle and to the arc with 
center at B. 

(e) The centers of two of the small circles lie 
on the line connecting A and C. 

(/) Find by construction the centers of the small circles. 
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7. In the figure EG and F/f are diameters of the square A BCD. 
On the diagonals, points K, U, V, W 
are laid off so that AK = BU= CV 
= DW. Also LM=zNP= RS = etc. 
EN and SF are in the same straight 
line, and so on around the figure. 
Prove that: 

(a) KUVW \s B. square. 

(b) AKME and ENUB are equal 
trapezoids. 

(c) Z, 0, T lie in a straight line, 
(rf) The four heavy six-sided figures 

are congruent. 

(e) JiAB = a,AK = ^ 




and ML = 



^Z, find the areas of the figures KUVWj 
AKME, LOPNEM. 

(/) Find the areas required under 

(e) itAK = — and LM= m- LK, 




n 



(g) 1{AK= -^, what is the length of ML if the four heavy figures 
occupy half the square ABCD'i 

8. Find a side of a regular octagon of radius r. See Ex. 3, p. 146. 

9. Find the area of a regular octagon of radius r. 

10. In the figure 
ABCD-' is a regular 
octagon inscribed in 
a circle of radius r. 
Find the area of the 
triangle ABC. 

Suggestion. Find 
first the altitude on ^ C 
in the AAOC and thus 
the altitude otAABC. 

11. In the same fig- 
ure the lines CH and A D are drawn meeting at K. Prove that A BCK 
is a parallelogram and find its area if the radius of the circle is r. 
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12. Id the parquet floor design given with Ex. 10, the darker parts 
are parallelograms constmcted as UDder Ex. 11. What part of the 
area is of white wood ? 

13. Id the figure.^£Ci>and^'£'C'i>'areequal squares, placed as 
shown. Lines are drawn through A', B', C, and C parallel to AB, 
BC, CD, and DA, forming a quadribteral EFGH. 

(a) Prove EFGH a jj ^^ ^ 

(6) What part of 
the large square is 
inclosed by the out- 
side heavy figure? 

(c) U AB = a, find 
the area of the inside 
heavy figure. 

14. The design opposite consists of white 
figures constructed like the inner figure preced- 
ing) together with the remaining black figures. 
What port of the figure is white? 

15. Show that the altitude of an equilateral 
triangle with side i is ~ v^. 

16. U the angles of a triangle are 30°, 60=, 90°, 
and if the aide opposite the 60° angle is r, show that 

theothersidesare^V^and-^Va. See§ 159,Ex, U. 

17. Three equal circles of radius 2 are inscribed 
in a circle as shown in the figure. Find the radius 
of the large circle. 

ScQOESTioir. The center of the lai^ circle 
is at the intersection of the altitudes of the equi- 
lateral triangle &0"0"'. (Why?) 

Hence O'OD is a triangle with angles 30°, 60°, 
W as in Ex. 16. 

Solve this problem (or any radius r of the 
small circles: Am. R = r-^~-</a. 
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IS. A', Bf, C, are the middle points of the sides of the equilateral 
triangle ABC. The sides of the triangle A'B'C are trisected and 
segmenU drawn as shown in the figure. 




Frum Church of Or San Mlchele. 

ll AB = a, 

(o) ProTe A 'B 'C" an equilateral triangle. 
(6) Find the area of A"B"C" and of the dotted hexagoo. 
(c) Find the area of the triangle GFC and of the trapezoid 
DEl^'A'i. 




From Weatminater Abbey. 

19. In the figure A BC is an equilateral triangle. On the equal 
bases PM, MD, DE equilateral arches are conatructed, two of them 
tangent to the sides of the triangle at L and N respectively. Circles 
0' and 0" are each tangent to a side of the triangle and to two of 
the arches. Circle O is tangent to circles (f and O" and to both 
sides of the triangle. 

(o) If ^B = o, find DE. 

SuooRSTioN. In the right triangle DBL one acute angle is 00°. 
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(A) FiDd the ratio r:r',r being the base DE of the ftrch and r' the 
radius of the circle ff. 

SoOGEariON. CD = 2 DL, GO' = 2 r-, and O'D = V(r + r'y-r' = 
V2TTJ + r'*. 

will the circles 0' and 0" fail to touch 



20. In the figure C/J = DA = AG = GB, aaA DE = EA t= AF = 
FG. Semicircles are constructed on the diameters CB, CO, CD, DG, 
DB, GB. HG = KD= CE. Arcs GL and DM have centere H and 
K respectively. 




B H 



Circles are constructed tangent to the various' arcs as shown in the 
figure. ThusOO" is tangent to semicircles on the diameters CB, CG, 
and DB. O O' is tangent to the semicircles on the diameters CG and 
DB and to the arc DM. Let CB £= a. 

(a) Find the areas of each of the six semicircles. 

lb) Find the radius r". 

SuGOESTioN. EA, EP and AN are known. 

(c) Find the radius r'. 

SuQGESTioN. Enumerate the known parts in A, EDC and FDC. 

(rf) Find r and r"-. 

(«) Having determined the radii of the various circles, show how 
to construct the whole figure. 

{/) What fraction of the area of the whole figure is occupied by 
the sis circles? 

21. Prove that two segments drawn from vertices of a triangle to 
points on the opposite sides cannot bisect each other. 
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FURTHER APPLICATIOHS OP PROPORTION. 

42L Definition. A segment is said to be divided in 
extreme and mean ratio by a point on it, provided the ratio 
of the whole segment to the larger part ^ as 

equals the ratio of the larger part to '. — 

the smaller. 

E,g, the segment AB is divided in extreme and mean ratio by the 

422. Problem. To divide a given line-segment iii 
extreme and mean ratio. 

Solution. At one extremity B ^^^^-p 

erect BOA^AB and make £0 ss 4 ^ ,^^^^ 

AB. Draw OA. ^--'' \ 

On OA take OB = OB and with ^.-' 



^ as a center and AB as a radius -^ c b 

draw the arc DC Then C is the required point of division. 

Proof I Let a be the length of AB. Then OB = ^. 
Hence 2^^ ab^+ob^^ a^ + ^-^ |a^ or ^o = | VsT 

Then AC ^ AD^ AO ^ BO ^^^^^ =? (^ - A 
and £C = ^fi-^c = a-.^(^V5-l^ = ^^3- VsY 

An AG 

Substituting these values in — and — , and simplifying, 

. 2 . V5-1 
we have — and =. 

V5 - 1 3 - V5 
By rationalizing denominators th^se fractions are shown 

to be equal, and hence — = — • 

^ AC CB 
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423. Problem. To construct with ruler and com- 
passes angles of3&^ and 72°, 

Solution. On a given segment ABj determine a point G 



AB 



sucli that — =s 



(See § 422.) 



AC 
AC BC 

Using BD = AC as a base and AB as one leg, construct 
the isosceles triangle ABB. ^ 

Then Zl = 72° and Z4 = 86^ 

Proof: Draw DC. 
Then A ABD ^ A DBC, (§ 259) 

AB BD ji y-t ' 

since — s=5 — and Z 1 is common. 

BD BC AC 

Hence A ABD and BDC are both isosceles (Why ?), 

and Z1 = Z2, Z3 = Z4. 

Also Z2 = Z3 + Z4==2Z4=Z1. (Why?) 

Thus in A ABD each base angle is double Z4, 

making Z 4 = ^ of 2 rt. ^ = 36% (Why ?) 

and Zl=s2Z4 = 72°. 




424. 



BXBRCI8B8. 




1. Inscribe a regular decagon in a circle. 

Su6GE8TiOK« Construct the central angle 
A OB = 36% thus determining the side AB ot the 
decagon. 

2. Inscribe a regular pentagon in a circle. 

SuGGRSTiox. Join alternate yertices of a decagon, or construct a 
central angle equal to 72^. 

3. Inscribe a regular polygon of fifteen sides in a circle. 
Suggestion. Since i — ^ = iS* it follows that the arc subtended 

by one side of a hexagon minus that subtended by one side of a deca- 
gon is the one which subtends one side of a polygon of fifteen sides. 
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4. The radius of an inscribed regular polygon is a mean propor* 
tional between its apothem and the radius of a similar circumscribed 
polygon. 

5. A circular pond is surrounded by a gravel walk, such that the 
area of the walk is equal to the area of the pond. What is the ratio 
of the radius of the pond to the width of the walk? 

6. If a, h^ e are three line-segments such as - = - show that - equals 

be c 

the ratio of the area of any triangle described on a as a base to the 
similar triangle described on & as a base. 

425. Definitions. A line-segment AB is said to be 
divided internally in a given ratio — by a point C lying on 

the segment, if ££ = ^ . See 8 252. 
^ CB n ^ 

A line-segment is said to be divided externally in a 
given ratio r by a point (/ lying ^ c b cT 

on AB produced, if = t. 

dB 8 

A line-segment AB is said to be divided harmonically if 

the points C and c/, lying respectively on AB and on AB 

produced, are such that — s= -- — 

CB C'B 

426. BXBRCISBS. 

1. Show that \i AB lA divided harmonically by C and CT, then 
CXJ* is divided harmonically by A and B. 

2. Show that the base of any triangle is cut harmonically by the 
bisectors of the internal and external vertex angles. 

3. Show how to divide a line-segment externally in extreme and 

AB C*A 
mean ratio, that is, in the fitnire below, so that = -=^ — • 

^ ' C'A CB 
Suggestion. In the figure of § 422 produce BA to a point C 
such that C'A -AO + OB. — 

Then use the method there a ^ 

used, to show that ^^ and ^^ each reduces to ^"" * 
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427. Theorem. If an angle of one triangle is equal 
to an angle of another, their areas are in the same ratio 
as the products of the sides including the equal angles. 






A B A' B' A 

Given A ABC and A'SC in which Zii =r Z A'. 
'P-. ^^^^^ fl,of A ABC AB • AC 

To prove that , , , = —7—7 — 7-7 • 

AA'B'cf A'B^^A^Cf 

Proof : Place A A'B'cf so that Z. a! coincides with Z A. 
Then A ABC^ \h'AB and A A^B^d — \V* A^b\ 

TT A ABC _ Ih AB _h AB 

xience, ^ ^,^,^ ^ ^^ ^ ^,^^ ^^ . ^^^^ . 

Now show that -4 = -4^, 
and hence that AAE^^J^.J±^^^^lA£^. 

AA'b'g' Aid A'b' A^B''A'd 

428. Theorem. 27ie square on the bisector of an 
angle of a triangle is equal to the 
product of the two adjacent sides 
minus the product of the segments of 
the opposite side. 

Outline of proof: Produce tlie bisec- 
tor of the given angle to meet the cir- 
cumscribed circle. 

Since AbdC'^Aaec AC* bc=: cD' ce. (1) 

But CD • CE « CnCCB + US') =: CD^ +CD' DE (2) 

and CD*DE=:AD'DB. (Why?) (3) 

Using (1), (2), and (3), complete the proof. 
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429. Theorem. The product of tivo sides of a tri- 
angle is equal to the product of the altitude from the 
vertex in which these sides meet and the diameter of the 

circumscribed circle. 

c 

Outline of Proof : Using the figure, 
show from the similar triangles ACD 
and EBC that 

AC^BC=^ CE-CD. 




430. 



BXBRCISBS. 



1. The areas of two parallelograms haviiig an angle of the one 
equal to an angle of the other are in the same ratio as the product of 
the sides including the equal angles. 

2. Three semicircles of equal diameter 
are arranged as shown in the figure. 

(a) If AD = a, find the area bounded 
by the arcs AB, BEC, and CA. 

(b) If the area just found is 2 square 
feet, find AD. 








3. Prove that the bisectors of the angles of any 
quadrilateral form a quadrilateral whose opposite 
angles are supplementary. 

Suggestion. Show that Z3 + Z4 + Z5 + i^6 
= 2TtAf and hence that Zl + Z2 = 2rt. ^i. 

4. On each of two sides of a given triangle ABC as chords con- 
struct arcs in which an angle of 120° may be inscribed. If these arcs 
meet in a point inside the triangle, show that the three sides of the 
triangle subtend the same angle from the point 0, 

5. If Z 1 + Z 2 + Z 3 = 4 rt. 4, show how to find a point within 
a given triangle ABC so that ZAOB = Zly ZBOC = Z2, and 
ZC0il = Z3. 
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6. Given any two segments AB and CD and any two angles a and 
bf find a point such that /. A OB = Za and Z COD = Zh. Discuss 
the various possible cases and the number of points in each case. 

7. li ZA OB is a central angle of a circle and if Z CDE is inscribed 
in an arc of the same circle and if ^ ^ OB = Z CDE = ^it. A, then 
the chords AB and CE are equal. 



431. Definition. A set of lines which 
all pass through a common point is called 
a pencil of lines, and the point is called 
the center of the pencil. 




432. 



BXBRCISBS. 




1. The lines of a pencil intercept proportional 
segments on parallel transversals. 

Given three lines meeting in cut by three 
parallel transversals. 

To prove that the corresponding segments are 
proportional, that is, to show that 

AB ^ A'B' ^ A''B" 
BC B'C B"C"' 

2. If two polygons are symmetrical with respect to a point, they 
are congruent. (See § 170, Ex. 2.) 

3. Any two figures symmetrical with 
respect to a point are congruent. 

Suggestion. About the point as 
a pivot swing one of the figures through ^t 
a straight angle. Then any point P' of 
the right-side figure will fall on its sym- 
metrical point P of the left-side figure. 

4. By means of the theorem in the preceding example show how 
to make an accurate copy of a map. 

Suggestion. Fasten the map to be copied on a drawing board. 
A long graduated ruler is made to swing freely about a fixed point 0, 
and by means of it construct a figure symmetrical to the map with 
respect to the point 0. How are the distances from measured ofE? 
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433. Theorem. If corresponding vertices of hoo 
polygons lie on the same lines of a pencil and if they 
cut off proportional dis- 
tances on these lines from 

the center J then the poly- / \ V-^'^W)"' a'^^-"" 
gons are similar. ' 'ii=^^:^\-^^^^^ 





1(/ 
Prove the theorem first for .^--'''^ 

triangles. 

^. OB OC OA , OA OB OC 

Given. — 7 = — 7 = — 7 and - — -. = — - = — — .. 

0J5' OC' OA' OA'' OB" OC" 

To prove that A ABC, A'b'c', A"b"c" are similar. 

Prove the theorem for polygons of any number of 
sides. 

434. Definition. Any two figures are said to have a 
center of similitude o, if for any two points P^ and P^ the 
lines P^O and P3O meet the other figure in points P'^ and 
P'2 such that 

p'^o p'^o 

Then P'l and p'g ^^^ said to correspond to the points 
Pj and Pj. 

Thus in the figure of § 433 O is called the center of 
similitude of the two polygons. 

Any two figures which have a center of similitude are 
similar. 

This affords a ready means of constructing a figure 
similar to a given figure and having some other required 
property that is sufficient to determine it. 

Definition. The ratio of any two corresponding sides of 
similar polygons is called their ratio of similitude. 
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435. BXERCISBS. 

1. Construct a polygon similar to a given polygon such that they 
shall have a given ratio of similitude. 

Suggestion. Let ABCDEF be the given polygon and — the 

n 

given ratio of similitude. Select any convenient point O, such that 
OA = m.* Draw lines OA, OB, etc. On OA lay off 0-4', n units. 
Lay off points -B', C, etc., so that 

OA ^ OB ^ OC ^ OP ^ OE ^ OF 

OA' OB' oc ojy OE' op' 

Prove that A'B'C'UE'F* is the required polygon. 

2. Show how the preceding may be used to enlarge or reduce a 
map to any required size. 

Suggestion. Arrange apparatus as under Ex. 4, § 432. 

3. In the figure A BCD is a parallelogram whose sides are of con- 
stant length. The point A is fixed, while 
the remainder of the figure is free to move. 
Show that the points P and P' trace out 
similar figures and that their ratio of simili- 
tude is — 4^— - . 

AD-\' CP 

This shows the essential parts of an in- 
strument called the pantograph, which is much used by engravers to 
transfer figures and to increase or decrease their size. The point P 
is made to trace out the figure which is to be copied. Hence P' traces 
a figure similar to it. The scale or ratio of similitude is regulated by 
adjusting the length of CP, 

4. Construct a triangle having given two angles and the median a 
from one specified angle. 

Solution. Construct any triangle ABC having the required 
angles and construct a median AD, Prolong DA to ZX, making 
AD' =a. Extend BA and CA and through D' draw B'C^WBC, 
making ^AB'C Prove that this is the required 
triangle. (Notice that^ is the center of similitude.) 

5. Inscribe a square in a given triangle using 
the figure given here. Compare this method with 
that given on page 147. 
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a point tangent to two given 
s and F the given point. 



6. Construct a circle througti a 
straight lineB. 

Solution. Let a an<i /> be the given 1i 
Construct anj circle O tangent to (i and 
c. Draw AP meeting the circle in 
C and D. Draw CO and OD and 
through P draw lines parallel to these 
meeting the bisector of the angle 
formed by a and bin (y and 0*'. Piove 
that O and 0" are centers of tbe re- 
quired circles. Observe that ^ is a 
center of similitude. 

This method is osed to construct a railnaj c 
point connecting two straight stretches of road. 

7, On a line find a point which is equidistant from a given point 
and a given line. 

The following is another instance of the use of this very important 
device in conatnicting figures that resist other methods of attack. 
It consists essentially in first constructing a figure similar to tbe one 
reqniredandthenconstructingonesimilar to this and of the proper size. 




through a fixed 



From Westmluster Abbey. 
8. Given a circle with radius OE. Construct within it the design 
shown in the figure. That ia, the inner semicircles have as diameters 
tbeudesof a regular sixteen-sided polygon. Each of the small circles 
is tangent to two semicircles. The outer ares have their centers on the 
given circle and each is tangent to two small circles. All these arcs 
and circles have equal radii. 
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Solution. Construct an angle equal to one sixteenth of a peri- 
gon. Through any point />' in the bisector of this angle draw a seg- 
ment EF perpendicular to the bisector 
and terminated by the sides of the angle. 
On EF as a diameter construct a semi- 
circle. Make B'D' = EF = B'A' = D'C 
= Cil' and construct the small figure. 

Now draw radii of the given circle dividing it into sixteen equal 
parts and bisect one of the central angles by a radius OA. Construct 
Z DAB = Z. D'A*B'. Then ^5 is twice the radius of the required arcs 
and circles. The whole figure may now be constructed. 

9. Given any three non-col linear points A', B\ C, to construct an 
equilateral triangle such that A\ B\ C shall lie on the sides of the 
triangle, one point on each side. 

Suggestion. Through one of the points as A' draw a line such 
that B' and C lie on the same side of it. 

10. Given an equilateral triangle ABC, to construct a triangle sim- 
ilar to a given triangle A'B'C* with its vertices on the sides of -4J5C. 

Suggestion. Construct an equilateral triangle such that A*, B', C 
lie on its sides. Then construct a figure similar to this and of the 
required size. 

11. lip andy are similar polygons inscribed in and circumscribed 
about the same circle, and if 2 « is a side of the circumscribed polygon 
p', show that the difference of the areas of p and p^ is equal to the 
area of a polygon similar to these and having a radius «. 

Suggestion. Let the areas of the polygons whose radii are r, r', 
and she A, A^, A'^. Prove that 



A' -A 



«'3 _ J.2 
ZJ2 



and 



A'' 



8 



2 



^2 



^'i 



A' r'2 A' r'^ 

Complete the proof. 

12. Two circles are tangent at ^. A 
secant through A meets the circles at B and 
C respectively. Prove that the tangents 
at B and C are parallel to each other. 

13. Prove that the segments joining one vertex of a regular poly- 
gon of n sides to the remaining vertices divide the angle at that vertex 
into n-2 equal parts. 
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FURTHER PROPERTIES OP TRIANGLES. 

436. Definition. A segment AB is said to be projected 
upon a line I if perpendiculars from A and B are drawn 
to L If these meet I in points C and i>, then CD is the pro- 
jection of AB upon I, 

437. Theorem. The square of a side opposite an 
a^ute angle of a triangle is equal to the sum of the 
squares of the other two sides minus twice the product of 
one of these sides and the projection of the other upon it. 

c c 





t^B D\^ 



Outline of Proof : In either figure let Z.Bhe the given 

acute angle, and in each case BD is the projection of BC 

upon AB. Call this projection m. 

We are to prove that l^= a^ + e^-'2 cm. 

In the left figure, J^ = A^ + (<? - my. (1) 

In the right figure,- J^ = A^ + (m - c^. (2) 

In either case Jfi^cfi-^ rt?. (3) 

Substitute (3) in (1) or in (2), and complete the proof. 

Modify each figure so as to draw the projection ^i AB upon BC 
and call this n. Then give the proof to show that 6* = a^ + c^ — 2 an. 

438. EXERCISE. 

1. The area of a polygon may be found by drawing its longest 
diagonal and letting fall perpendiculars upon this 
diagonal from each of the remaining vertices. 

Draw a figure like the one in the margin, only 
on a much larger scale, measure the necessary 
lines, compute the areas of the various parts 
(see § 314), and thus find its total area. 
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439. Theorem. The square of the side opposite an 
obtuse angle of a trianyle is equal to the sum of the 
squares of the other two sides plus twice the product of 
one of these sides and tlie projection of the other upon it. 

c 



A c B ~D 

Outline of Proof : Let Zshe the given obtuse angle and 
BD the projection of BC upon AB. Call this projection m. 
As in the preceding theorem show that 

l^=a^ + (^+2cm. 

Also modify the figure so as to show the projection of 

AB on BC and call this n. Then show that 

J2=a2 + c2+2a». 

440. Theorem. The sum of the squares of two sides of 
any triangle is equal to tivice the square ^ 
of half the third side plus twice the j/^^^--^. 
square of the median draivn to that side, a d b 
Suggestion. Make use of the two preceding theorems. 

441. BXBRCI8B8. 

1. Compute the medians of a triangle in terms of the sides. 

2. Show that the difference of the squares of two sides of a tri- 
angle is equal to twice the product of the third side and the projection 
of the median upon that side. 

3. The base of a triangle ia 40 feet and the altitude is 30 feet. 
Find the area of the triangle cut off by a line parallel to the base and 
10 feet from the vertex. 
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442. Problem. To erpress the area of a triangle in 
terms of its three sides. 

c 




or 



Solution. The area of A ABC ^\ABy.CD =lhc. 
It is first necessary to express h in terms of a, i, c. 
We have J2 = a^ + c^ _ 2 cm, (Why ?) 

a2 + c2_J2 



m = 



Also 



2(7 
A2 — ^2 _ y^2^ 



(Why ?) 

Hence j,,^^,fa'+<^-h^\'^^a'<^-(a' + <^--h^)^ 

V 2c y 4c2 

^ f (g + cy - 62] rft^ - (« - ^*yi 

4(?2 

" 4e?2 

Now call a4-i + g=2«, ora + c — J=52«— 2 6. 
Then a + c- 6= 2(8-6) 

J + a — c= 2(8 — (?) 
J + c — a= 2(8— a). 



Hence 



or 



^^ _ 2 8 ■ 2(8 - 6) ' 2(8 - c) « 2(8 - g) 

4^2 
2 
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\ 12 

Then - Ac = - c • - V«(« - aV* - bYa - c). 



Hence area of A ABC = V«(« — a\% — 6X* "~ ^\ 

443. Problem. 7b express the area of a triangle in 
terms of the three sides and the radivs of the circum- 
scribed circle. ^ >.cf 



In the figure CJ7= 2r, where r is the radius of the cir- 
cumscribed circle. 

Then ai = 2r.A. (§429) 



But A = - V«(8-a)(^«-6)(«-c). (§ 442) 

c 



\r 



Hence, a6 = — V«(« — a) {% — o) (8 — c), 

e 

ahc 



or ^ = VK« - a)C« - h)i9 - c). 

4r 

But area of A ABC = V«C« - a)(« - 6x« - 0- (§ 442) 
Hence, 



area of A ABC = 



4r 



444. BXBRCISBS. 

1. Compute the areas of the triangles whose sides are (1) 7, 9, 
12; (2)11,9,7; (3)3,4,5. 

2. Express the radius of the circumscribed circle of a triangle in 
terms of the three sides. 

3. Find the area of an equilateral triangle whose side is a by 
§ 443, and also without this theorem, and compare results. 
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PROBLEMS AND APPLICATIONS. 

1. Given a regular dodecagon (twelve-sided polygon) with radius 
r. Connect alternate vertices. 

(a) Prove that the resulting figure is a regular hexagon. 

(b) Find the apothem of the hexagon. 

(c) Find the area of each of the triangles formed by joining the 
alternate vertices of the dodecagon. 

2. Find the area of a regular dodecagon of radius r. 

3. Find the side of a regular dodecagon of radius r. 

4. Find the apothem of a regular dodecagon of radius r, 

(a) by means of £xs. 2 and 3 and § 343. 

(b) by means of Ex. 3 and § 319. 

5. Given the side 8 of a regular dodecagon. Find the apothem. 
Also find the apothem if the side is s. See Exs. 9-12, page 235. 

6. Given a circle of radius 6 : 

(a) Find the area of a regular hexagon circumscribed about it. 

(b) Find the area of a regular octagon inscribed in it, also of one 
circumscribed about it. 

7. Using the formula obtained in Ex. 5, find the side of a regu- 
lar dodecagon whose apothem is b, 

8. Find the radius of a circle circumscribed about a dodecagon 
whose apothem is b, 

9. Find the difference between the radii of the regular dodecagons 
inscribed in and circumscribed about a circle of radius 10 inches. 

10. Solve Ex. 9 if the radius of the circle is r. 

11. What is the radius of a circle if the difference between the 
areas of the inscribed and circumscribed regular dodecagons is 12 
square inches ? 

12. What is the radius of a circle if the difference between the 
areas of the inscribed and circumscribed regular hexagons is 8 square 
inches? See Ex. 11, page 259. 

13. A regular hexagon and a regular dodecagon have equal sides. 
Find these sides if the area of the dodecagon is six square inches more 
than twice the area of the hexagon. 

14. Solve Ex. 13 if the area of the dodecagon exceeds twice the 
area of the hexagon by b square inches. 
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15. Is there any common length of side £or which the area of a 
tegular dodecagon ia twice that of a regular hexagon? Three times? 
Four times? Prove your answer. 

16. Soke a problem similar to that of Ex. 15 if the side of the 
dodecagon is twice that of tlie hexagon. 

X7. The nineteen small circles in tlie accompanying figure are of 
The centers of the twelve outer circles lie on a circle 




with center at 0, as do the six circles between these and the inner- 
most one. The centers of these small circles divide the lai^e circles 
on which they lie into equal arcs. 

If r ia the radius of the small circles, then OB = 2} r, BD = 2^ r, 
andZ)G = llr. 

(a) Find A B and CD in terms of r. 

(6) FindO£. 

(c) What part of the circle OG is contained within the nineteen 
small circles ? 

(d) If the radius of the large circle is 3G inches, find the radii of 
the small circles so that they shall occupy half its area. 

(e) If the radius of the large circle is r inches, find the radii of 
the small circlea so they shall ciccupy one halt the area of the large 

(/) Under (il) how far apart will the outer twelve centers be? 
The inner six? 

({/} .Under (<■) how far apart will the outer twelve centers be? 
The inner six? 

In Exs. (/) and (i/) it is understood that the distances are meas- 
ured along straight lines. 
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18. In the figure ABC is an equilateral triangle. A, B, C are the 
centers of the area BC, O^.and AB. Semicircles are constructed on 
the diameters AB, BC, CA. Let AB = a. (See Ex. 11, p. 93.) 

Circles are cunstructed tangent to the Tarious arcs as in the figure. 

(a) Find the radius r". 

SUGOBSTION. Find in order BAf, MN, B!V. HO", BO". 

(A) Find the radius i-'. 

SOOSEBTION. BN is known from the solution of (a). 

BN=B0' + r'a.adB0' = 2K0'. Hence gQ' = ^^~'^ . 

JCB = lV3 jSC»' = iV8(BW-rO and HO' =^-r'. 

But Ha*^HK*-^KO'*={^-KBY+K&\ (1) 

Substituting for HO, KB and KO' in (1) we ma; soke for r". 

(c) Find the radius r. 

SuoQEBTioN. Use ABLO and HLO and proceed as under (6). 

(d) Using the radii thus found, show how to construct the figure. 
(«} What fraction of the whole area is contained in the circles? 

19. ABCD is a parallelogram with fixed base and altitude. Find 
the locus of the intersection points of the bisectors of its interior 
base angles. 

20. Find the locus of a point P 
such that the sum of the squares 
of its distances from two fixed 
points is constant. 

Sdqobbtion. By § 440, JP' + PB* = 2 ZC* + 2 ~CP 
Solve for CP. 
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21. Find the locus of a point P such that the ratio of its distances 
from two fixed points is equal to the constant ratio m : n. 

Suggestions. Let A and 

B be the fixed points. On the 

line AB there are two points 

P' and P" on the locus, ue. 
Apu . puB ^ Api :pfB=m:n. 

Let P be any other point on 
the locus. 

Then AP:BP=AP': P'B ^AP": P'»B. 

Show by the converses of §§ 250, 253 that PP* bisects Z.APB and 
PP" bisects Z BPKy and hence P'P and P"P form a right angle. 

22. Find the locus of a 
point P from which two circles y^ 7fev"-~**— -*_ ^ -— 
subtend the same angle. 

Suggestion. C and C are 
the centers of the given circles. 
Prove APDC-^APD^C and 



hence that 



pa 

PC 




23. The points A BCD are collinear. Find the locus of a point 
P from which the segments AB and CD subtend the same angle. 

Suggestions. The ^ ABP, A CP, BDP^ and 
CDP have a common altitude, and hence their 
areas are to. each other as their bases. Also ^ ^ BP 
and CDP have equal vertex angles, whence by 
§ 427 their areas are to each other as the products 
of the sides forming these angles. Similarly for ^ A CP and BDP, 




Hence 



AP'PB 



AB ^^^ AP.PC _AC 



CP . PD CD BP . PD BD 

From these equations show that AP : PD is a constant ratio. 
24. ABC is a fixed isosceles triangle. With P 

center C and radius less than A C, construct a 
circle, and from A and B draw tangents to it meet- 
ing in P. Find the locus of P. 

Suggestions, (a) Show that part of the locus 
is the straight line PP'. (h) Show that Z 1 = Z 2 
and hence that Z AP"B is constant. 
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MAXIMA AND MDriMA. 

446. Definitions. Of all geometric figures fulfilling 
certain conditions it often happens that some one is 
greater than any other, in which case it is called a maxi- 
mum. Or it may happen that some one is less than any 
other, in which case it is called a minimum. 

E,g, of all chords of a circle the diameter is the maximumy and of 
all segments drawn to a line from a point outside it the perpendicular 
is the minimum. 

In the following theorems and exercises the terms 
maximum and minimum are used as above defined. 
However, a geometric figure is often thought of as eow- 
timLOUsly varying in size^ in which case it is said to have 
a maximum at any position where it may cease to increase 
and begin to decrease^ whether or not this is the greatest 
of all its possible values. Likewise it is said to have a 
minimum at any position where it may cease to decrease 
and begin to increase. 

E.g. if in the figure a perpen- 
dicular from a point in the curve to 
the straight line be moved continu- 
ously parallel to itself, the length of 
this perpendicular will have maxima at Ay C, and E, and minima at 
By Dy and F. 

Certain simple cases of maxima and minima problems 
have already been given. Some of these will be recalled 
in the following exercises. 

446. BXBRCI8B8. 

1. If from a point within a circle, not the center, a line-segment 
be drawn to meet the circle, show that this segment is a maximum 
when it passes through the center and a minimum when, if produced 
in the opposite direction, it would pass through the center. 
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2. Show that of all chords through a given point within a circle, 
not the center, the diameter is a maximutn and the chord perpendicu- 
lar to the diameter is a minimum. 

3. Of all line-segments which may be drawn from a point outside 
a circle to meet the circle, that is a maximum which meets it after 
passing through the center, and that is a minimum which, if pro- 
ducefl, would pass through the center. 

4. Show that if a square and a rectangle have equal perimeters, 
the square has the greater area. 

Suggestion. Tf s is the side of the square and a and h are the 
altitude and base of the rectangle respectively, then 2& + 2a = 4«or 

Hence ,2^^'^ + a^-h 2a6^ (/,^ -2«ft-f ^•^) -h 4 gft^ C^_:iJ!l%a6. 

4 4 4 

That is, «* is greater than ab by ^ "" "^ • 

5. Use the preceding exercise to find that point in a given line- 
segment which divides it into two such parts that their product is a 
maximum. 

6. Find the point in a given line-segment such that the sum of 
the squares on the two parts into which it divides the segment is a 
minimum. 

Suggestion. If a and h are the two parts and k the length of the 
segment^then a + h^hf,u^a^ ^2ah ^h^ = 1c\ 
or, a« + i« = ifc2 - 2 ah. 

Hence, a^ +6* is least when 2 ah is greatest. Now apply Ex. 5. 

7. In the preceding exercise show that a' + h^ 
increases as h grows smaller, that is, as the point of 
division approaches one end. When is this sum a 
maximum ? 

8. Two points A and B, on opposite sides of a 
straight stream of uniform width, are to be con- 
nected by a road and a bridge crossing the stream 
at right angles. Find by construction the location 
of the bridge so as to make the total path from A 
to B 2L minimum. 
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447. Theorem. Of cdl triangles having equal perim- 
eters and the same base^ the isosceles triangle has the 



maxtnmm area. 




A E B 

Given A ABC isosceles and liaving the same perimeter as AABD, 
To prove that area A ABO area A ABD. 

Outline of proof: Draw CE ± ab. Construct AAFB 
having its altitude FE the same as that of A ABD. Pro- 
long AF making FG = AF. Draw GB and GD. The ob- 
ject is to prove that EF^ the altitude of A ABD^ is less than 
EC^ the altitude oi AABC. 

(1) Show that A AFB^ FBG, and GBD are all isosceles, for 
which purpose it must be shown that GB JL AB and FD II AB. 

Then AD + DB =z ad + DG> AG. 

Or AF+FB<AD-\'DB. 

But AD+DB=AC+CB. 

Hence, AF+FB<AC+CB. 

(2) Show that AF<AC, 
and hence that EF< EC. 

(3) Use the last step to show that 

area AABC> area A ABD. 
Give all the steps and reasons in full. 

448. Corollary. Of all triangles having the same 
area and standing on the same base, that which is 
isosceles has the least perimeter. 
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449. Theorem. Of all polygons having the same 
perimeter and the same number of sides, the one with 
maximum area is equilateral. 




Given ABCDEFtiit mazunum of polygons having a given perim- 
eter and the same number of sides. / 

To prove that ab=^bC:=cd=s de^ EF^ FA. 

Suggestion. Show that every A, such as FDE^ is isos- 
celes by use of the preceding theorem. 

460. Theorem. Of all polygons having the same 
area and the same nuniber of sides , the regular polygon 
ha^ the minimum perimeter. 






Given polygons A and B with same number of sides and equal 
area, A being regular and B not. 

To prove that the perimeter of A is less than that of B. 

Outline of Proof : Construct a regular polygon C having 
the same number of sides and same perimeter as B. 

Then, area of J5 < area of C, or area of -4 < area of C. 

But A and C are both regular and have the same num- 
ber of sides. Hence the perimeter of A is less than that 
of C. That is, perimeter of -4 < perimeter of B. 
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451. Theorem. The polygon with maxmmni area 
which can he formed by a series of line-segments 
of given lengths, starting and ending on a given UnCy 
is that one whose vertices all lie on a semicircle con- 
structed on the intercepted part of the given line as a 
diameter. 




Given the line-segments AB, BC, CD, DE and EF meeting the 
line RS at A and F so as to form the polygon ABCDEF with maxi- 
mum area. 

To prove that B^ C, D, and E lie on the semicircle whose 
diameter is AF, 

Proof: Suppose any vertex as D does not lie on this 
semicircle. Join D to F and to A. Then Z ABF is not a 
right angle, else it would be inscribable in a semicircle 
(§ 213). 

If now the extremities A and F be moved in or out on 
the line les, keeping AB and BF unchanged in length, till 
Z ABF becomes a right angle, then A ABF will be increased 
in area (Ex. 3, § 456), while the rest of the polygon is 
unchanged in area. This would increase the total area of 
the polygon ABCBEF^ which is contrary to the hypothesis 
that this is the polygon with maximum area. Hence the 
vertex B must lie on the semicircle. 

In the same manner it can be proved that each vertex 
lies on the semicircle. 
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452. Theorem. Of all polygons with the same niim- 
her of sides equal in pairs and taken in the same order ^ 
the one with maximum area is that one tvhich can be 
inscribed in a circle. 





Giyen a polygon ABODE inscribed in a circle and A'ffC'D'E^ 
not inscribable but with sides respectively equal to those of 
ABCDE. 

To prove that ABCDE> A^ B^ cf D^ if . 

Proof: In the first figure draw the diameter DK and 
draw AK and BK. 

On A^B* construct A A^b'k ^AABK and draw I>'jr'. 

The circle whose diameter is D^K^ cannot pass through 
all the points a\ b\ c', and E\ else the polygon would be 
inscribed contrary to hypothesis. 

If either A' or E' is not on this circle, then 

AKDE > A^K'D^Ef. (Why?) 

Likewise if either b' or c' is not on the circle, then 

EBCD > k'b^&I)^ (Why ?) 

In any case, adding (1) and (2), 

AKBCDE > A^K^B'C^D^E'. 
By construction, A AKJi ^ A A^k'b^. 
From (3) and (4), ABCDE > A^b'c'd'e^. 



(1) 
(2) 

(3) 
(4) 
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453. Theorem. Of all regular polygons having 
equal perimeters^ that which has the greatest number 
of sides is the maximum. 





Given T a regular triangle and S a square having the same 
perimeter. 

To prove that 8>T. 

Proof : Take any point E in AB. Draw CE and on CE 
construct A CEF ^ A AEC, 

Then polygon BCFE has a perimeter equal to that of T 
and the same area, and has the same number of sides as a. 
Hence, 8 > BCFE. (§ 449) 

That is, 8> T. 

In like manner it can be shown that a regular polygon 
of five sides is greater than a square of equal perimeter, 
and so on for any number of sides. 

464. BXBRCISB. 

Of the three medians of a scalene C 
triangle that one is the shortest which is 
drawn to the longest side. F 

Suggestion. If ^4 C < BC, to show 
th&t BF>AE. A D B 

In A ADC and BDC, AD = DB and DC is common. 

But ^ C < 5C. Hence Z 1 < Z 2 (Why ?). 

Now use £l ado and BDO to show that BO ^AO and henoe that 
BF>AE. 
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465. Theorem. Cf all regular polygons liamng a 
given area, that one which has the greatest numbe?* of 
sides has the least periraeter. 







Giyen regular polygons P and Q sttch that P = Q while Q has the 
greater number of sides. 

To prove that perimeter of Q < perimeter of P. 
Proof : Construct a regular polygon R having the same 
niimber of sides as P and the same perimeter as Q. 

Then jb<q. (§458) 

But P = Q. (By hypothesis) 

Hence R < P. 

Therefore, perimeter of iJ < perimeter of P. (§ 323) 

But R was constructed with a perimeter equal to that of Q. 
Hence perimeter of Q < perimeter of P. 
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triangle 23 
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interior angles 88 
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Analysis of proof 175 
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Angrle, acute, obtuse, right, 

reflex, oblique 19 

at the center of a circle . . . 18ir 
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supplementary 70 

vertical 70 

Antecedents 242 
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Approximate ratio .... 240 
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of a circle 361, 416 
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of a segment of a circle . . . 365 

of a surface 302 

Aristotle page 31 

Axial symmetry 164 

Axioms . 60,61,82,96,119,392, 

407, 409, 411, 412, 416 
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of a trapezoid 136 

of a triangle 24 

Bhaskara 318 

Bisector of an angle .... 19 

of a line-segment 50 

Broken line 11 

Center of a circle 12 

of a pencil 431 
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of similitude 434 
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Central angle 185 

symmetry 169 

Chord of a circle 181 

Circle, arc of 184 

area of 361, 416 
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Oircle, circumscribed .... 225 

definition of 12 

diameter of 181 

escribed 229, Ex. 4 

inscribed 228 

inside of, ontside of ... . 180 

length of, perimeter of . . 352, 416 

secant of 182 

segment of 220 

tangent to 183 

Oircles, equal 187 

intersecting 186 

tangent 186 

Coincidence 19, 27 

Commensurable eeffments . 236 

ratios 238 

Compasses 33 

Complementary angrles . . 70 

Composition 246 

and division 246 

Concave polygon 160 

Conclusion 78 
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of regular polygons . . . 163, 333 
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Convex polygron 160 

Corollary 104 
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Definition, technical .... 389 
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type of 83 
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Direct proof 176,399 
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Division of line-segments . . 10 

external, internal 425 
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of a ray 9 
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Budozus page 140 
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angles of parallel lines ... 88 
External division . . . 252, 425 

segment of a secant .... 274 
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construction of 44 
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IncommenBiirableB, 236, 240, 

d05, 368 
Indirect proof ... 91, 176, 394 
Inaorll>ed angle in an arc . . 220 

angle in a circle 185 

angle in a segment .... 220 

circle in a triangle 228 

triangle in a circle .... 225 

Intercepted arc 185 

Interior anfflee 88 
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Isosceles trapezoid 136 

triangle 22 

Land surveyinflr . . . 283, 284 
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Pencil of lines 431 
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of a polygon 160,267 
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n (pi), computation of ... . 357 
Plane, plane surface . . ' . . 1,2 

Plato page 140 

Point 1,3 

Polygons 160 
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similar 256 
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of regular polygou 342 
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Scalene triangrle 22 

Secant 182 
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